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Imaging techniques such as functional near-infrared spectroscopy and diffuse optical tomography
(DOT) achieve deep, noninvasive sensing in turbid media; however, they are constrained by the photon
budget, as most of the injected light is lost to scattering before reaching the detector. Wavefront shaping
(WFS) can enhance signal strength via interference at specific locations within scattering media, enhancing
light-matter interactions and potentially extending the penetration depth of these techniques. Interpretation
of the resulting measurements relies on knowing the optical sensitivity—the relationship between changes
in the detected signals and perturbations at a specific location inside the medium; however, conventional
diffusion-based sensitivity models rely on assumptions that become invalid under coherent illumination.
In this work, we develop a microscopic theory for optical sensitivity that captures the inherent interfer-
ence effects that diffusion theory necessarily neglects. We show analytically that, under disorder averaging
with random illumination, the microscopic and diffusive descriptions coincide. Beyond this limit, our
framework identifies WFS strategies that enhance sensitivity. We demonstrate that the input state obtained
through phase conjugation at a given point inside the system leads to the largest enhancement of optical
sensitivity but requires an input wavefront that depends on the target position. In sharp contrast, the max-
imum remission eigenchannel, corresponding to the largest eigenvalue of the monochromatic remission
matrix, leads to a global enhancement of the sensitivity map with a fixed input wavefront. This global
enhancement equals the remission enhancement and preserves the spatial distribution of the sensitivity,
making it compatible with existing DOT reconstruction algorithms. Our results, validated through exten-
sive numerical simulations, establish the theoretical foundation for integrating wavefront control with
diffuse optical imaging, enabling deeper tissue penetration through improved signal strength in biomedical

applications.
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I. INTRODUCTION

In optics, acoustics, seismology, microwave physics,
and other fields, scattered waves serve as versatile non-
invasive probes for a stand-off characterization of com-
plex scattering systems [ 1—4]. While both electromagnetic
waves and sound waves are extensively used in medical
imaging [5], optical methods operating in the near-infrared
regime offer unique advantages for probing biological tis-
sue, combining molecular specificity with deep penetration
[6]. Ballistic or nearly ballistic photon imaging methods
such as optical coherence tomography offer high spatial
resolution but they are limited to essentially superficial
tissue layers [7]. Diffuse optical tomography (DOT) and
functional near-infrared spectroscopy extract information
from multiply scattered light, enabling interrogation of
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much larger depths [8—12] aided by reduced attenuation in
the near-infrared spectral-transparency window in biolog-
ical materials [13]. These techniques operate in remission
geometry, which involves injecting near-infrared light into
tissue at a source position, while collecting the multi-
ply scattered photons that emerge at a detector placed at
a different location on the tissue surface. The detected
light signals from multiple source-detector pairs are then
used to reconstruct the spatial distribution of tissue opti-
cal properties through inverse-problem techniques [14,15].
Therefore, the success of DOT-based approaches hinges
on two key principles [10]: (1) the ability to predict how
local changes in tissue properties modulate the detected
signal (sensitivity) [16], and (2) the ability to recon-
struct the photon propagation paths connecting sources to
detectors (inverse problem). The omnidirectional nature
of diffuse light propagation leads to a decrease of signal
strength with both depth and source-detector separation
[9], whereas the maximum input intensity is limited by
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FIG. 1. Schematic of scattering approach. (a) Scattering
matrix element Sy, relates the field amplitudes of the incident
mode a (solid line arrows) and the outgoing mode » (dashed
arrows). (b) Experimentally, one has access to a finite number
of spatial channels (blue arrows), described by the matrix Rp,,
which is a subset of S. (¢) The addition of a small perturbation
to the dielectric properties inside the system results in a change
3Rpa(rp), which depends on its location ry.

tissue damage thresholds [17]. A fixed photon budget
ultimately constrains the maximum depth accessible by
DOT-based approaches [18,19].

Wavefront shaping (WFS) techniques [20-24] have
emerged as a promising avenue for enhancing the sig-
nal strength at depth [25,26]. This is expected to enhance
light-matter interaction and hence increase modulation of
the remitted signal; however, the intensity patterns created
inside the scattering medium can no longer be adequately
described by diffusion theory [27-31], nor can the rela-
tionship between signal modulation and the underlying
perturbation be justified [32] using traditional diffusion-
based approaches [10]. These observations put into ques-
tion the applicability of diffusion-based interpretation of
the sensitivity map when used in conjunction with WFS
input.

To formally describe wave transport through complex
media, it is useful to adopt a scattering framework. Ele-
ment Sp, of a scattering matrix describes the amplitude
of the wave scattered by the system into spatial channel
b (e.g., the wave-vector direction), upon a coherent exci-
tation via channel a [33,34] [see Fig. 1(a)]. Commonly,
the experimental setup for interrogation of the scattering
system involves detection of a subset of all incoming and
outgoing waves [22], Ry, [Fig. 1(b)]. Sensitivity analysis
[10,14,15,35] is a powerful tool that is used to characterize
the variations in local properties of complex medium, e.g.,
in the real or imaginary part of the dielectric function de at
a spatial position ry through detection of changes § Rp, (ro)
in scattered amplitudes [Fig. 1(c)].

An important insight into the problem has been obtained
recently in Ref. [32], where wavefront control technique
was applied to the continuous-wave (CW) matrix R
defined specifically in the remission geometry—a con-
figuration involving a semi-infinite medium where both
source and detector lie on the same side of the sample.
In the equation Eyy, = R E;,, the matrix operator relates
the incident field E;, and remitted field Ey,, which can

be decomposed into N; and N, spatial channels, e.g.,
flux-carrying modes of the optical fibers in DOT. As
could be expected, the numerical and experimental results
indeed demonstrated a significant (one order of magni-
tude) enhancement of the remitted signal by exciting the
highest remission eigenchannel, whose input wavefront is
given by the eigenvector of RT(R, corresponding to its
largest eigenvalue. Importantly, a new microscopic formu-
lation based on the scalar wave equation was proposed
to obtain the sensitivity map [32]. Remarkably, it was
found that the spatial distribution of the sensitivity map
for the maximum remission eigenchannel (MRE) remained
the same as that for random input, while the magnitude
of the sensitivity enhancement was nearly equal to the
magnitude of the remission enhancement. These findings
suggest the possibility of extending the diffusion-based
DOT treatments to include WFS excitation. Indeed, if
the sensitivity magnitude could be computed theoretically,
while the inverse-problem solution could use the same
sensitivity map found in the diffusion model, coherent
enhancement of the remitted signal would immediately
translate into deeper noninvasive sensing and imaging in
biological media.

While the results in our previous work [32] provided an
important clue into how optical sensitivity is affected by
coherent control, a comprehensive study is required to for-
mulate a new approach and validate its applicability. First,
the microscopic theory must be rigorously tested against
the widely used diffusion-based approach; for example, for
random input excitation, the field-based approach should
reduce to diffusion theory. Second, the dependence of the
sensitivity on key system parameters such as the transport
mean free path and source-detector geometry needs sys-
tematic verification. It also remains unclear what the opti-
mal strategy is for enhancing optical sensitivity within the
context of wavefront shaping. Furthermore, since coherent
WES can manipulate the amplitude, phase, and polar-
ization of incident waves, extension of the scalar wave
theory to incorporate the full vectorial nature of the elec-
tromagnetic waves is essential for a complete theoretical
description of optical sensitivity.

In this work, we present a comprehensive study of CW
optical sensitivity in complex media, focusing on the role
of wavefront shaping in enhancing detection capabilities.
In Sec. II, we derive analytical expressions for sensi-
tivity using a microscopic approach that remains valid
even when coherent wavefront shaping is employed. We
establish a connection between optical sensitivity and
phase conjugation [36,37], demonstrating how tailored
input wavefronts can maximize the system’s response to
perturbations. In Sec. III, we perform numerical simu-
lations to validate our theoretical predictions, comparing
the sensitivity enhancements achieved through different
excitation schemes. We further investigate how sensitiv-
ity enhancement scales with system parameters such as the

054027-2



HARNESSING COHERENT-WAVE CONTROL...

PHYS. REV. APPLIED 24, 054027 (2025)

transport mean free path and the source-detector geometry.
In Sec. IV, we extend our analysis to vector electromag-
netic waves and demonstrate that the key results remain
consistent with those derived for scalar waves. Our find-
ings provide a theoretical foundation for understanding
sensitivity in coherent wave transport, offer insights into
different wavefront shaping strategies, and pave the way
for next-generation diffuse optical imaging techniques.

II. OPTICAL SENSITIVITY: ANALYTICAL
RESULTS FOR SCALAR WAVES

In this section, we consider scalar waves and derive ana-
Iytical expressions for the CW optical sensitivity using
a unified approach requiring minimal assumptions. In
Sec. I A, we present a derivation of sensitivity that applies
to arbitrary system geometries and does not rely on the
diffusion approximation. In Sec. IIB, we then establish
the connection between optical sensitivity and phase con-
jugation, describing the construction of such a wave-
front and demonstrating the enhancement of sensitivity. In
Sec. 11 C, we develop the disorder-averaged intensity sen-
sitivity model, which requires the additional assumptions
that the input wavefront is uncorrelated with the disordered
system and that wave transport is diffusive. We prove ana-
lytically in Sec. II D that under random excitation, these
two models lead to identical results in diffusive media. We
conclude in Sec. Il E by introducing normalized sensitivity
and discuss its advantages in sensitivity analyses.

A. Microscopic approach to optical sensitivity

We consider a CW monochromatic scalar field Ey(r) in
a medium with dielectric function €(r), representing one
realization of disorder. The unperturbed field satisfies the
wave equation

[V2 4+ Ke(r)] Eo(r) =0, (1)

where k = 27/ is the wave number in vacuum and € (r)
is a spatially varying dielectric function of the medium.
A small perturbation de(r) near ry modifies the wave
equation, resulting in a new solution E£(r). The change in
the field 8E(r) = E(r) — Ep(r) can be written using the
Lippmann-Schwinger equation:

SE(r) = / dr’' Gy(r,¥) V() E(Y). )

Here, we adopted the language of the scattering theory,
where Gy = (k* — Hy)~! is the (retarded) Green’s func-
tion of the original wave equation, with Hy = —V? —
k*[e(r) — 1] and V(r) = —k*8e(r). In the Born approxi-
mation, and assuming a pointlike perturbation at ry, we set

de(r) = 8e §V3(r — rp), yielding
SE(r) =~ U Go(r, o) Eo(ro), 3)

where ) = —k28€ 8V is the strength of the perturbation
and 8V represents an effective volume associated with the
perturbation.

The above expression, given in the position repre-
sentation E(r) = (r|E), also holds in any representation
E(Y) = (¢¥|E). This allows us to cast the problem in the
language of optical tomography. To this end, we evaluate
the variation of the flux F received by a detector [Fig. 1(c)]
in the basis of flux-normalized output modes {|v3)},

Ny Ny
SF =Y " [(WslE) > = [(WslEo)|> = Y 2Re [8E, ],
b=1 b=1

“4)

where up = (Yp|Eo) in the output field measured in the
channel b and

(%
SEp = % ¢ (ro) Eo(ro). Q)

Here, ¢ (ro) = 2i{5|Go|ro) represents the field in channel
b when excited by a pointlike source at ry [38]. By reci-
procity, it is also the field at ryp when channel b is excited
from the output port. As flux-normalized states ¥, (r) are
related to intensity-normalized states x,(r) according to
Yp(r) = Xb(r)/\/kT, where k7 is the longitudinal com-
ponent of the momentum of y,(r), we can also write
P (ro) = 2i\/K; (ro| Gol xp) = 2ik;,(ro|Gols). Substituting
Eq. (5) into Eq. (4) gives

8F = Re [0 ¢(xo) Eo(ro) |, (6)

where we introduced the notation

N,

¢(ro) = ) uj; y(ro), (7

b=1

and summation over b runs over N, output channels.

To complete the derivation, we use Eq. (6) and formally
define the optical sensitivity to a local absorber with 6e =
i€” as

dF(ro)

S(ro) = —== =~k SV Re[p(r)Eo(ro)].  (8)

This expression [32] serves as the foundation for the
analysis that follows.

It is illuminating to express the input state used to excite
Ey(r) in terms of N flux-normalized input channels {|v,)}
as |1/fi“> = Zi\ll Vg |¥,). Here, v, are amplitudes of each
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mode satisfying the constraint Ziv;l |v,|?> = Ny. There-

fore, Ey(ry) = Zﬁll Va4 (rg), similar to the output states
introduced in Eq. (7). We find

S(ro) = —k8V Y Re [¢p(ro)Rpypa(ro)viva] . (9)

bad

where we took advantage of the relationship u, =
Zi\l 1 Rpav,. We note that Eqgs. (8) and (9) are, in fact,
equivalent.

We end this section with several comments. First,
Egs. (8) and (9) are obtained in the Born approximation
(weak perturbation), which means that they become exact
in the limit k% 8Ve” <« 1, where @ = 2,3 is the dimen-
sionality of the system. Second, the sensitivity in Egs. (8)
and (9) is expressed in terms of complex-valued fields and
coefficients {¢(ro), Eo(ro)} or {pa(ro), ds(ro), va, Rpal,
respectively, all computed (or, in the case of v,, specified)
for the same realization of disorder. To compute the statis-
tically averaged sensitivity from Egs. (8) and (9), one must
ensemble-average the full product of fields in the sensitiv-
ity expression rather than averaging the fields themselves.
This distinction preserves interference effects that con-
tribute to coherent transport, even after disorder averaging.
Lastly, we note that &(rg) has an implicit dependence
on the location of the perturbation center that makes it
a sensitivity map: external measurement of the flux con-
tains information about the internal location ry of the
perturbation. It is this key feature that enables noninvasive
approaches to tomographic reconstruction of the optical
properties of the medium.

B. Phase conjugation and optical sensitivity

Equation (9) shows that the ability to enhance opti-
cal sensitivity at a target position ry within a scattering
medium hinges on a judicial choice of the input wavefront
defined by the coefficients v,. Among various wavefront-
shaping strategies, phase conjugation (PC) appears as a
particularly intuitive and effective approach [23,36,39—41].
Indeed, in a complex medium, a point source at ry gen-
erates a wavefront that propagates outward, undergoing
multiple scattering events. The phase-conjugated input,
constructed by reversing the outgoing wavefront detected
at the position of our extended source, excites a field that
naturally retraces these scattering paths in a time-reversed
fashion. This is a consequence of the time-reversal symme-
try [37,42] in CW propagation. Refocusing energy back at
ro is not perfect because time reversal of partial outgoing
waves is incomplete. It is expected that this constructive
interference should maximize the local field amplitude
for a given amount of finite control, thereby amplifying
the response to small perturbations in the optical prop-
erties at rp—a concept that has been formalized using

the generalized Wigner-Smith operator and related opti-
mal input states [43—46]. The modal coefficients for the
PC wavefront are given, in our notation, by

Nl :| 1/2

PC ¥

. = ¢, (xo), (10)
|:Iin (ro)

where iy (rg) = Z]av;l l¢a(ro)|>, and the N,’* factor
ensures that the total input flux remains equal to Ny, fol-
lowing the convention adopted earlier. By substituting
Eq. (10) into Eq. (9), the sensitivity with PC input becomes

SPC(ro) = —Nik*8V ) Re [ (ro)Rp,da(ro)] . (11)

ba

To put this result into perspective, we obtain an expression
for sensitivity under two alternative excitation schemes.
First, we consider a random combination of input chan-
nels, such that v v, = §,,. Here, the averaging is per-
formed only over different combinations of random inputs
in a particular realization of the system—i.e., no disorder
ensemble average is assumed. In this case Eq. (9) yields

S®(rg) = —k8V ) Re [y (ro) R, ba(ro)]

ba
= 8"(ro)/N1. (12)

Here, the superscript RI indicates a random input. Remark-
ably, we observe that excitation with PC leads to enhance-
ment of sensitivity by a factor of Ny compared to random
input. While such an enhancement might be expected, it
is, in fact, a highly nontrivial result. Phase conjugation
is well known to enhance the intensity at the target loca-
tion by such a factor due to constructive interference.
In the case of optical sensitivity, however, the quantity
of interest involves a product of two distinct fields [see
Egs. (8) and (9)]: one propagating from the injection site
and the other from the detection port. An enhancement of
the field originating from the source is expected, given
that phase conjugation directly optimizes energy deliv-
ery to ro. Surprisingly, the second field, originating from
the detection site, is also enhanced by the same factor.
This outcome is not obvious, as the back-propagating field
is not directly controlled by the phase-conjugated input.
Instead, its enhancement arises due to the intrinsic reci-
procity of wave propagation in complex media, which
ensures that the time-reversed wavefront optimally recon-
structs the field at the target location, thereby reinforcing
the response to perturbations and leading to the obtained
sensitivity enhancement.

In our previous work [32], we demonstrated enhance-
ment of sensitivity when the system was excited by singu-
lar vectors of the remission matrix (R. In this scheme, we
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use the singular value decomposition of (R,

min(Ny,Np)

Roa =Y Usaps* Vg (13)

a=1

and select a specific « = 1—the MRE. We chose v, =
N, 11/ 2 V,1—the first column of the V,, matrix, which corre-
sponds to the maximum remission eigenvalue p;. Here, by
adding the factor &, 11 /2 we ensure that the total flux used to
excite the system is equal to NV, i.e., Zi\ll [va|> = Ny, as
in the previous two schemes [Egs. (11) and (12)]. Substi-
tuting this input vector into Eq. (9), and taking advantage
of the unitarity of the U and V matrices in Eq. (13), we
obtain

CS)MRE(I,O)
= ~N8V Y Re [gnr0) (Varn!* U3y ) dulro) |
ab (14)

Comparing the above to Eqs. (11) and (13), we observe
that excitation of the remission eigenchannel amounts to

the replacement Ry, = ), Ubo[,ool/2 Ve, = (Valpll/zUTb>

in the PC expression for sensitivity. In other words, in
selecting MRE, we are singling out the largest singular
value contribution to the remission matrix and omitting the
rest.

Several remarks are in order. First, we would like to
stress that similar to Eq. (9), all of Egs. (11), (12), and (14)
hold in the single realization of the scattering system,; i.e.,
no ensemble averaging is assumed.

Second, our result above suggests that

ISR (re)| < |SMRE(rp)| < |S7C(ro)], (15)

with the overline denoting statistical averaging. Hence, the
phase-conjugation approach indeed leads to the highest
sensitivity for a given point ro. While the strict order-
ing |SR(rg)| < [SMRE(rg)| < |SPC(rg)| probably holds in
a typical sense, it is important to clarify that the rela-
tion between MRE and RI, and between MRE and PC,
might not be guaranteed for a single realization of disorder.
Unlike PC excitation, which deterministically enhances
sensitivity by a factor of N; above the RI result, the MRE
scheme involves interference effects determined by the
eigenvectors of the remission matrix. As a result, SMRE(r()
is not guaranteed to be negatively defined and can exhibit
significant fluctuations due to disorder-specific interfer-
ence effects; however, on average, |SMRE(rg)| exceeds
|SRI(ro)| by a factor approximately equal to the remission
enhancement, as shown in Ref. [32] and later in this work.

Third, the enhancement of sensitivity ng,c(ro) =
SPC(rg) /SR (ry) in the phase-conjugation scheme (V)

exceeds that for the Ilargest remission eigenchan-
nel n¥RE(rg) = SMRE(r()/SRl(ry) (see for example
Ref. [32]). As can be seen from Eq. (10), to achieve the
largest sensitivity, the phase-conjugation scheme requires
an input vector uniquely tailored to the specific obser-
vation point ry. In contrast, remission eigenchannels are
computed based on Rp,, which is a global quantity, inde-
pendent of ry. As such, the largest remission eigenchannels
lead to a global enhancement of sensitivity with a position-
independent input vector [32] (see Sec. I1 D). The ability to
enhance sensitivity globally in a complex scattering sys-
tem with a fixed input wavefront is highly nontrivial. This
effect is captured by the filtered random matrix theory (see
Appendix G) in diffusive systems, which we turn to next.

C. Diffusion approximation for optical sensitivity

Having established a general formulation of optical
sensitivity in arbitrary geometry, we now examine its
implications in the diffusive regime, where light trans-
port follows a statistical description. In this section, we
derive the corresponding sensitivity expressions within
diffusion theory, providing a benchmark for comparison
with the more general microscopic approach (see for exam-
ple Ref. [10]). Seminal contributions to sensitivity analysis
in the diffusive regime have been made by J. Schotland and
collaborators, particularly in the context of inverse prob-
lems and optical tomography [14,15,35,47,48]. Unlike in
Sec. IT A, the starting point of this consideration is the
diffusion equation and not the wave equation. We begin
by discussing the assumptions enabling such an approach.
First, the diffusion equation describes disorder-averaged
quantities such as intensity 7(r) denoted with an overline.
Second, such a description is applicable at scales much
larger than the transport mean free path £. Therefore, it is
assumed here that relevant length scales, such as the sys-
tem size and the separation distance between the source
and the detector, are much larger than ¢ [49].

Let us first consider the case without any perturbation.
The input state is expressed in terms of the N; flux-
normalized input channels {|v,)} and is assumed to be
uncorrelated with the disordered system. The mean flux in
the output port then reads

F =23 Rl Jual. (16)
a,b

The elements of the remission matrix (R, describing scat-
tering from channel a to channel b [Fig. 1(c)] can be
expressed using the Fisher-Lee relation [38]

Rpa = 2i\/IEK (xp1 Gol Xa)- (17)

The flux in Eq. (16) contains the disorder-averaged prod-
uct of two field Green’s functions Gjy. It can be evaluated
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within the diffusion framework, which amounts to keeping
only the so-called ladder diagrams in the Bethe-Salpeter
equation [33,49,50]. We obtain

2
|Rpal™ =

2

b

(18)

WEK f dry dry |(elGole)|* Ty | (01[Golxa)

where the kernel I'(r,,r;) obeys the stationary diffusion
equation

DV (1, 1)) = %a(m —r). (19)

Here, D = ¢vg /D is the diffusion constant, in which vg is
the energy velocity, T = £/vg is the scattering time, and
y is the scattering strength. The latter can be expressed in
terms of ¢ and the mean density of states DOS(w) as

22

7cl DOS(w)’ (20)

)/:

The presence of the perturbation at ry results in a modi-
fication of the mean, disorder-averaged, flux at the output
as

8| Rpal® =

— 2 — 2
4K [ i drs |GofGoles) [ T e2.11) |t Gol )
(21)
The change in the diffusive kernel 6I"(r,, r;) can be found
using the perturbative approach within the diffusion frame-

work described in Appendix A. With the help of Eq. (19),
we obtain

~ T
8T (rp,1y) = V' ; ['(rp,rg) ['(rg, 1), (22)

where 0! = —vzke”8V is the strength of the perturbation.
Substituting Eq. (22) into Eq. (21), we obtain the change
in flux in the form

— ~ T
8| Rpa* =~ 4v1;Jb<ro)Ja(ro), (23)

where we introduced a diffusive flux

Ja(ro) = kf,/dl‘l [(ro, 1) |(l‘1|50|)(a)|2 (24)

This quantity is proportional to the mean intensity 7,(r() =

[pa(ro)” = |21/ (ol Golxa)|*

excited at ry by the input

channel |y,). Unlike G, the averaged modulus square of
G is described by diffusion and can be computed as

Tu(ro) =4k / drdrs |(ro[Golea) | T(ras 1) | (11 [Golxa) |
|2

— 2 —
:4k;/drz|<ro|Go|rz>| fdrlmo,rl) |(r11Gol xa)

4
= 2. (25)
14

Here, we used the fact that fdr2|(r0|50|r2)}2=

—(/k) Im(ry|Go|ro) and, from the definition of the mean
density of states, Im(ry|Golro) = —mcDOS(w)/2k. Com-
bining now Egs. (16), (23), and (25), we find the variation
of the mean flux due to the perturbation

— ~ 'Cy —_ —
8 Fgigr = O T Iin(ro) Lou(xo), (26)

in terms of the intensities at position ry excited from input
and output (i.e., detector) ports

Ny

Tin(ro) = Y _ |val* Ta(xo),
a=1
Ny

Tout(r()) = Z 7b(r())-

b=1

27

We note that the coefficients |v,|> — 1 if we can assume

random and statistically equivalent excitation. Therefore,

we will refer to these intensities as 7&1(1‘0), TORit(ro) below,
where RI again indicates random input. .

To complete the derivation of the sensitivity &g =
dFg/de” in the diffusive approximation, we substitute
all prefactors into Eq. (26) and use the density of states
DOS?®(w) = k/2c or DOS*®(w) = k?/27%c. We then
obtain the main result of this section:

_ D2 _ -

Santro) = —KsV (T) " Tn@o o). (28)
The coefficient in front of this expression depends on the
dimensionality 0 = 2, 3. This expression lends itself to an
insightful physical interpretation. Indeed, I g(ro) is pro-
portional to the probability of a photon injected at the
input port reaching the localized perturbation at ry. Like-
wise, TORit(ro) is proportional to the probability of a photon
that passes through ry reaching the output. Thus, Eq. (28)
is, up to a prefactor, the conditional probability that a
photon injected at the input will reach the output after hav-
ing visited ry. For a half-space geometry, the spatial map
described by the above expression is an arch, or “banana”
[10,16,47,51,52], as it is commonly called.
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We now turn to a comparison between the expression
for optical sensitivity derived within the diffusion approxi-
mation [Eq. (28)] and the microscopic expression [Eq. (8)]
obtained in Sec. II A. The microscopic formulation applies
to a single realization of disorder and does not rely on
statistical averaging or assumptions about large (relative
to the transport mean free path) system sizes or source-
detector separations. This generality allows it to capture
both sample-specific and ensemble-averaged behavior for
an arbitrary input state, whereas the diffusive result pro-
vides only the disorder-averaged sensitivity for a random
input state. Therefore, we should expect that the macro-
scopic and diffusive descriptions both yield the same result
when Eq. (8) is applied to a diffusive system and appropri-
ately averaged. In the next subsection, we present a formal
proof of this equivalence.

J

D. Microscopic sensitivity in the diffusive limit

In Sec. IT A, we obtained the microscopic expression (9)
for the optical sensitivity. For systems exhibiting diffuse
wave transport, this formula should be equivalent, in the
statistical sense, to the diffuse sensitivity given in Eq. (28).
To verify this, we need to take the proper limit and account
for the underlying assumptions. These include: (1) the
characteristic size parameters of the system are sufficiently
larger than the transport mean free path, justifying a diffu-
sive treatment; (2) statistical averaging over an ensemble
of disorder realizations; and (3) random excitation of the
incident modes.

As the first step, we express the sensitivity in Eq. (9) in
terms of the field Green’s function. Using the Fisher-Lee
relation (17), we obtain

S(ro) = =8PV Y v} varks [k, Tm [ (6] Golxo) (0| Gol xar) (X5 Golxa)*] (29)

bad

Likewise, the sensitivity in the diffusion approximation, Eq. (28), can be expressed in terms of the field Green’s functions

as

— T\D-2
San(ro) = =168V () D [walkik: 101Golro) P (Kol Golxa) ™ (30)
ba

Therefore, we seek a connection between Eqs. (29) and (30), provided we take advantage of the random-excitation
assumption (3) and statistical averaging (2). The former gives v¥v, = 8,,, whereas the latter leads to the condition

Im [(x5|Golro) {rolGol xa) {Xs|Gol¥a)*] = 2 (

for the mean of Eq. (29) to be equal to Eq. (30). In
Appendix B, we use a diagrammatic approach to prove
that the equality (31) indeed holds. This result can be qual-
itatively understood by considering the scattering paths
that contribute the most after disorder averaging. These
dominant scattering paths consist of diffusive trajectories,
as shown in Fig. 2. Consequently, we have established
that under random illumination, the statistically averaged
microscopic sensitivity, Eq. (8), and diffusive intensity
sensitivity, Eq. (28), yield identical results.

We note that when the illumination is not random but
remains independent of the disorder, this equivalence is
still often preserved. For instance, it holds for a simple
plane-wave input (v, = 844,), since in this case Vv, =
84, trivially. It also holds for input states with a large num-
ber of nonzero coefficients v, that are uncorrelated with
the medium, because the cross terms (a # @) in Eq. (29)
acquire random phase-dependent weights that are washed
out upon summation.

T\ D2

=) 1061Golro) P 1(rolGolxa) 31)

This derivation above also exposes the mechanism by
which the relationship between Egs. (8) and (28) can be
broken. Indeed, choosing the v, coefficients dependent
on the specific realization of disorder would make them
dependent on the Green’s function matrix elements in
Eq. (29), thereby preventing the factorization of disorder
averages and rendering Eq. (28) no longer applicable. This
is precisely the effect of coherent excitation—choosing
an incident wavefront uniquely tailored to the specific
disorder realization, as explored in Secs. Il and IV B.

E. From extensive to intensive optical sensitivity

Earlier in this section, we derived two expressions for
computing sensitivity: a microscopic formulation, Eq. (8),
and its diffusive approximation, Eq. (28). These expres-
sions allow us to identify several key properties of sen-
sitivity, which, by definition, is given by the ratio of
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FIG. 2. Scattering representation of the identity (31). Solid
and dashed lines represent the propagating field and its complex
conjugate, while open circles represent scatterers. Shaded tubes
represent diffusive paths where both fields visit the same scatter-
ers. A more formal representation of the lower diagram is given
in Appendix B.

flux variation to the magnitude of the perturbation in the
imaginary part of the dielectric function.

Volume of perturbation: The spatial dependence of the
absorbing center has been modeled by a delta function
[see Eq. (3)]. This assumption implies that the spatial
extent of the perturbation §7/? is much smaller than
the characteristic spatial variation scale of the field. In
the microscopic formulation, Eq. (8), which applies to a
single realization of disorder, the relevant length scale is
the optical wavelength A = 27 /k since interference effects
govern the field structure. Although the structural correla-
tion length (e.g., cell size) may be larger than A, it does
not limit the field resolution, and a conservative validity
condition is still §7"/? « A. In contrast, after statistical
averaging—as in the diffusive expression, Eq. (28)—both
the wavelength and correlation length become irrelevant.
The spatial variations in the averaged fields are smoothed
over the transport mean free path £, which sets the smallest
relevant scale. Thus, in the diffusive regime, the delta-
function approximation remains valid provided that §V <«
£? [see Eq. (AS) in Appendix A]. Therefore, weakness of
perturbation amounts to the condition k” 8V 8e < 1 (c.f.
Egs. (3) and (A5)), making both Eq. (8) and its diffu-
sive approximation Eq. (28) trivially dependent on §V. As
such, sensitivity becomes an extensive quantity—it scales
with the size of the perturbation. In contrast, an intensive
definition would normalize away this dependence making
it “density”-like. Therefore, we propose normalization by
the dimensionless quantity k” 8V (see below).

Number of input spatial channels: In Secs. [l A and 11 C,
we adopted such a normalization that, on average, a unit of
flux is incident onto each of N, degrees of freedom in the
input port. This is a “constant intensity”” normalization—it

leads to the total flux being proportional to the area of the
injection site and, thus, to N, itself. In other words, the
sensitivity is trivially dependent on N}, again, making it an
extensive property and suggesting a natural normalization
by Njy.

Number of output spatial channels: The change in flux
collected at the output should similarly increase with the
collection area, or &V,, the number of degrees of freedom
at the output port. In the diffusive approximation, Eq. (28),
the proportionality should be nearly linear, provided that
the size of the port is much smaller than the transport mean
free path. Similar to the two other dependencies discussed
above, normalization by N, appears natural.

Based on the arguments above, we introduce a normal-
ized optical sensitivity defined as

S8(ro)

—_ 32
k? 8V N1 N, (32)

a(rp) =

Such a normalization in both Eqs. (8) and (28) defines
the sensitivity density. While this removes the depen-
dence on the perturbation volume, it does not eliminate the
dependence on other system parameters such as Nj, N,
or geometry (c.f. Sec. III D). Nevertheless, the sensitivity
density is particularly convenient when comparing differ-
ent models or simulations—the task we undertake in the
next section.

III. NUMERICAL ANALYSIS: SCALAR WAVES

In the previous section, we introduced the microscopic
expression for optical sensitivity Eq. (8) and its diffusion
approximation Eq. (28). Instead of sequential raster scan-
ning the location of the absorbing center [Fig. 3(a)] to
map out the sensitivity, both formulations have the major
advantage of being “parallel.” Indeed, Eq. (8) expresses
the entire sensitivity map in terms of two fields £y (r) and
¢ (r), requiring only two computations for each disorder
configuration [Fig. 3(b)] followed by ensemble averaging.
Equation (28), on the other hand, relates the sensitivity
map to the ensemble-averaged intensity distributions for
input and output ports. In Sec. II D, we showed that both
formulations should agree in a diffusive system with ran-
dom input excitation. In Sec. III B, we aim to verify that
both Egs. (8) and (28) indeed give the same result in
this limit in numerical simulation of scalar waves in the
two-dimensional (2D) semi-infinite medium introduced in
Sec. III A. This is not a trivial test because the quantities
and the averaging procedure in the two expressions are
vastly different. Next, in Sec. [IIC we show that under
excitation with a disorder-specific wavefront, the maxi-
mum remission eigenchannel, the diffusive approximation
fails to describe the optical sensitivity computed using
our microscopically exact Eq. (8). We also demonstrate
that the sensitivity for the remission eigenchannel can be
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FIG. 3. Two computational approaches for evaluating optical

sensitivity. (a) Method I: sensitivity is inferred from changes in
remission coefficients (R, due to the introduction of a localized
absorber at position ry [see first part of Eq. (8)]. This method
requires sequential simulations for each ro and thus involves
raster scanning. (b) Method II: sensitivity is computed using the
product of two field distributions in the second part of Eq. (8).
This approach is parallel and requires only two simulations to
obtain the full spatial sensitivity map across all ry.

predicted by the filtered random matrix theory summa-
rized in Appendix G. In Sec. III D we discuss relationship
between enhancement of sensitivity and the remission
enhancement.

A. Numerical model

We carry out our numerical simulations in a geometry
chosen to represent the experimental sample from our pre-
vious work [32]. The system is a 2D disordered medium
occupying a half-space, as shown in Fig. 3. This 2D config-
uration is not arbitrary: it models a planar photonic struc-
ture in the experiment, which enables nearly noninvasive
optical access to the internal field distribution [53], mak-
ing it ideally suited to studying coherent wave transport
inside a multiple scattering medium. The electromagnetic
waves in such structures are effectively confined in the
vertical (out-of-plane) direction [29,54-56], with radiative
leakage inhibited by total internal reflection due to the
refractive index difference with surrounding media [57,58]

(air and substrate). This indeed allows a reduction to a
2D model, in which electromagnetic fields decouple into
two independent polarizations: transverse magnetic (TM)
and transverse electric (TE) [59,60]. TM polarization cor-
responds to one out-of-plane electric field component and
two in-plane magnetic field components, while TE polar-
ization involves two in-plane electric field components
and one out-of-plane magnetic field component. Waves
with TM and TE polarizations propagate independently in
2D. Crucially, since scattering arises through the electric
field, the interaction with disorder due to randomly varying
dielectric permittivity differs: TM waves couple via a sin-
gle electric field component, while TE waves involve two,
leading to fundamentally different scattering behavior.

In this section, we consider TM polarization, which
obeys a scalar wave equation [49] corresponding to Eq. (1).
This choice is consistent with the modeling approach in
Ref. [32], where numerical simulations were performed
using the KWANT package [61]. Here, we employ the
MESTI (Maxwell’s Equations Solver with Thousands of
Inputs) software package [62], which offers a substan-
tial computational speedup through an augmented par-
tial factorization method. In this work, we do not con-
sider spatially uniform loss, which would be required to
simulate the effects of weak out-of-plane scattering in
experiments [32]. In our previous work [63], MESTI was
validated against KWANT and shown to produce quanti-
tatively consistent results. In Sec. IV B, we extend our
study to TE polarization using MESTI’s vector-wave capa-
bilities, allowing further verification of the microscopic
approach to optical sensitivity, thereby validating and
extending the applicability of the microscopic sensitiv-
ity model to vector waves involving multiple polarization
components.

Based on the above considerations, we conduct 2D
simulations with the following parameters: vacuum wave-
length Ao = 1.55 pwm, slab dimensions L x W = 250 x
300 wm?, and background refractive index n.g = 2.85.
Disorder is introduced by placing a low concentration of
circular air holes—filling fraction f = 10%, radius a =
100 nm, and refractive index n,; = 1. These parameters
were chosen to ensure that the diffusion approximation
is satisfied, i.e., £ < W, L. This condition also guarantees
that the sample thickness greatly exceeds the input-output
separation, so the medium can be regarded as effectively
semi-infinite. The actual value of £ = 6.4 um was matched
to the experiment in Ref. [32], but this is irrelevant in the
context of the current discussion. The value of £ has been
determined using the procedure described in Ref. [63].
We will also present the results of simulations where the
transport mean free path is varied. To model the effect of
open boundaries, the numerical domain was surrounded
by a perfectly matched layer [59]. Injection and detec-
tion ports of widths W, and W,, separated by distance
d > ¢, are modeled by attaching two waveguides to the
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front interface (see Fig. 3). We will present simulations for
different combinations of these parameters.

We finally note that while all 2D disordered systems
are expected to exhibit Anderson localization effects [33],
these only become relevant at lengths comparable to or
exceeding the localization length &. In the weak-scattering
regime considered here (k€ > 1), this length is expo-
nentially large, & o £ exp(ckf) with ¢ ~ 1 [33]. For the
parameters used in our simulations, as well as in typical
optical experiments, £ is vastly larger than the system size
and all other relevant scales, so localization effects can be
safely neglected.

B. Random input excitation

Computing optical sensitivity using Eq. (8) requires
knowledge of two fields: Ey(rp) and ¢(ry). The former
is the field inside the system obtained by illuminating it
through the input port with a random combination of all
modes. Computing the latter field requires a separate sim-
ulation, but for the same configuration of disorder. This
is obtained by recording the field at the output port from
the first simulation, conjugating it, and sending it back into
the sample as the input for the second simulation. Hav-
ing computed the internal fields, the quantity in Eq. (8)
is obtained for that specific disorder configuration. Subse-
quently, we compute this expression for 1000 realizations
of disorder, requiring twice as many simulations to achieve
a sufficient statistical average. Figure 4(a) depicts the result

(a)

—_
O
~

%1077 x10~7

I

found for a system with £ = 6.4 um, W, = W, = 10 pm,
and an input-output separation of d = 128 pm = 20 x ¢£.
The characteristic “banana” shape can be seen. We would
like to emphasize again the remarkable fact that the statis-
tical average of the product of two fields in Eq. (8) results
in a nonzero value.

Computations based on Eq. (28) require statistically
averaged intensities throughout the volume of the system.
These are obtained by illuminating it through input port
with a random combination of all modes. Thus, the simu-
lations used to compute E((ry) for Eq. (8) can be reused

to compute TORL(rO)—this is obtained by a mirror reflection
across the horizontal line through the middle of the system.

In Fig. 4(b), we compare the sensitivities computed from
Egs. (8) and (28)——=circles and crosses, respectively—and
normalized via Eq. (32). Here, the separation distance
is fixed at d = 128 wm = 20 x £, and multiple values
W, = W, are tested. We can see that, as expected based
on the theoretical argument in Sec. II D, the two methods
give the same result. The fact that simulations for dif-
ferent values of W, = W, agree among themselves also
supports our argument in Sec. I E for normalizing sensi-
tivities. Furthermore, in Appendix C, we demonstrate that
the curves in Fig. 4(b) agree with simulations performed
for Wy # W, cases. Such an agreement is also expected
for the normalized sensitivities, based on Eq. (32).

In Fig. 4(c), we demonstrate that the dependence on
the input-output separation d can also be predicted by
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FIG. 4. Comparison of microscopic and diffusive models for optical sensitivity under random input excitation. All results are aver-
aged over 1000 disorder realizations and normalized according to Eq. (32). The transport mean free path is £ = 6.4 pm. (a) Sensitivity
map computed using the microscopic sensitivity (MS) expression, Eq. (8), exhibits the characteristic banana-shaped pattern. The input
and output port widths are W, = W, = 10 pwm; the source-detector separation is d = 128 pm = 20 x £. (b) Depth cross section of the
sensitivity map along the dashed line in (a). Circles correspond to the MS calculation [Eq. (8)]; crosses show results from the diffusion
approximation (DA) [Eq. (28)]. The input and detector port widths are equal. Curves are shown for 5, 10, 15, and 20 wm, with fixed
separation d = 128 pm = 20 x £. (c¢) Sensitivity at the midpoint A of the banana [peak in panel (b)] as a function of source-detector
separation. Symbols: MS results using Eq. (8) for W; = W, = 10 wm; solid line: DA prediction based on analytic intensity profiles
substituted into Eq. (28), as described in Appendix D.
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substituting analytical solutions for 7&1(1'0) and TORL(rO)
found from the diffusion equation. We derive such a solu-
tion in Appendix D. The decrease in the sensitivity aqis =
—1/(w*k*d?) o 1/d* with increasing d is the well-known
trade-off between depth and sensitivity. Indeed, larger d
leads to an increase in the radius of the banana pattern in
the sensitivity map. Photons undergoing diffusive random
walks along these long paths are less likely to reach the
output port. As a consequence, the remitted signal is less
sensitive to the total flux variation due to local perturbation
at larger depth inside the system [see Fig. 4(c)].

For completeness, we computed sensitivity using a
brute-force sequential approach—Method I—in Fig. 3(a).
Recall that sensitivity is defined as &(rg) = §F/§¢’—the
difference between the average remitted flux detected at the
output waveguide with and without a perturbation center
at ro. The agreement with Eq. (8), shown in Appendix D,
provides further evidence for the robustness of our micro-
scopical approach to optical sensitivity.

C. Shaped-wavefront excitation

We motivate this section by revisiting the assumptions
used in obtaining Eq. (28)—the diffusion approximation
for optical sensitivity. In fact, this incorporates two sep-
arate assumptions that become particularly clear when
we examine the process of averaging in the microscopi-
cally exact Eq. (9). The first assumption is the diffusion
approximation itself, stating that the ensemble-averaged
intensities can be described by the diffusion equation and
that the dimensions of the system are much larger than
the transport mean free path. The second assumption has
to do with the averaging procedure of the input wave-
front encoded by coefficients v, in Eq. (9). The procedure
involved in obtaining Eq. (28) in Sec. IIC amounts to
performing disorder averaging with no regard for the val-
ues of v,. Therefore, once the diffusion approximation
has been made, it is no longer possible to account for a
specific input wavefront. This observation motivates the
use of the microscopic expression for sensitivity, Eq. (8)
[equivalent to Eq. (9)], including the sample-specific exci-
tation coefficients, and only then performing statistical
averaging.

Second, it has been shown in Ref. [32] that by excit-
ing the system with an incident wavefront corresponding
to the MRE [see the description before Eq. (14)], we could
enhance not only the signal in remission but also the sensi-
tivity. In our previous work, we used the proper microscop-
ical expression Eq. (8) to compute the sensitivity; however,

it remained unclear whether Eq. (28) could still apply with
TXRE (rg) and 710\/1[11:]5 (ro) substituted instead of intensities for

random input excitation. Below, we clearly demonstrate
that Eq. (28) is inadequate and cannot be used to describe
the optical sensitivity of remission eigenchannels.

Here, we carry out comprehensive numerical tests of
the results of Sec. IIC. Figure 5(a) shows the disorder-
averaged microscopic sensitivity (MS) map in Eq. (8),
computed for the MRE for a system with W, = W, =
10 wm, separation d = 20 x £, and transport mean free
path £ = 6.4 wm. We observe, in agreement with our ear-
lier work [32], that the sensitivity map retains the banana
shape but is enhanced by a factor that appears to be con-
stant within the accuracy of our simulation. Remarkably,
as we verify in Appendix C, this conclusion holds even
when W £ W,. Therefore, below, we present only the
depth dependence of the sensitivity maps taken along the
line y = d/2, shown as the dashed line in Fig. 5(a).

In Fig. 5(b), we compare the sensitivity maps for MRE
excitation obtained using two different methods. The filled
circles represent numerical results computed using the
microscopically exact Eq. (8), which remains valid for
coherent excitation. The crosses, however, require care-
ful interpretation. While Eq. (28) (derived in the dif-
fusion approximation) is rigorously justified for random
input excitation, it does not strictly apply to the coher-
ently excited MREs for two reasons. First, as noted
above, averaging of intensities cannot be carried out sep-
arately from averaging of the excitation coefficients v,,
which are unique to each disorder realization. Second,
the diffusion equation does not accurately describe the
disorder-averaged intensity distribution of MREs due to
interference effects, which are neglected in the diffusion
approach. Nevertheless, as an exploratory step, we substi-
tute the numerically computed disorder-averaged intensity
of MREs into Eq. (28), yielding the results represented by
the crosses. While this substitution lacks theoretical jus-
tification, it provides an empirical comparison and helps
assess the limitations of the diffusion approximation in this
context. To avoid confusion, we denote these data as DA*
rather than DA, emphasizing that they are not a direct
application of the diffusion approximation but rather an ad
hoc extension.

Among the four datasets, corresponding to W, = W, =
5,10, 15, and 20 wm, DA™ agrees with the MS in only one
case. We believe this agreement is accidental. To simplify
the analysis, we limit our discussion to the value of sen-
sitivity in the middle of the banana, labeled with the letter
“B” in Fig. 5(a). Since we have already determined that the
sensitivity maps retain their shape, comparison of its value
at a predetermined point is sufficient. In Figs. 5(c)}-5(f),
we tested whether DA™ is capable of describing MS when
the parameters d, ¢, Ni, and N, are varied. We conclude
that, in sharp contrast to the applicability of DA to the ran-
dom input case in Fig. 4, DA* is inadequate in describing
the MS of the MRE. In other words, the sensitivity in the
case of controlled wavefront excitation does not reduce to
a product of two intensities as in Eq. (28). This systematic
deviation between MS and DA* provides direct evidence
of nontrivial correlation effects, which are neglected when
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FIG. 5. Sensitivity map for excitation with the maximum remission eigenchannel (MRE) and comparison with diffusion-based
predictions. (a) Sensitivity map computed using the microscopically exact expression, Eq. (8), for MRE excitation. The characteristic
banana-shaped pattern is preserved, but the overall sensitivity is enhanced compared to the random input case. Parameters: W, = W, =
10 wm, the separation is d = 20 x ¢, and the transport mean free path £ = 6.4 pm. (b) Depth cross section along the midplane [dashed
line in panel (a)], comparing sensitivity from the MS formulation [Eq. (8), filled circles] and a heuristic application of Eq. (28) using
the disorder-averaged intensity of MREs (crosses, denoted as DA*); see main text for details. (c)—(f) Sensitivity at the central point A
in panel (a), plotted as a function of: (c) input-output separation d; (d) transport mean free path ¢; (e) number of input channels N,
and (f) number of output channels N,. In all cases, the results are averaged over 1000 disorder realizations and normalized according
to Eq. (32).
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statistical averaging over input field patterns is performed
separately from intensities in Eq. (9).

D. Relationship between sensitivity enhancement and
remission enhancement

In our previous work [32], we observed the intriguing
result that the enhancement of sensitivity n¥'** was close
to the enhancement of the remission n%~F for the MRE.
If generally true, such a relationship could be extremely
useful because the enhancement of remission can be the-
oretically predicted. Indeed, the theoretical technique [64—
66] called filtered random matrix (FRM) theory has been
shown to correctly reproduce the full distributions of the
eigenvalues of a subset of the full scattering matrix of a
complex system, in our case (R. In Ref. [32], we used FRM
theory to obtain an analytical expression for the remis-
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sion enhancement—the ratio P/ = n?gRE between the
maximum and average eigenvalues of the remission matrix
RTR. In Appendix G, we include a brief summary of
FRM theory. A less accurate but more intuitive model—the
effective Marchenko-Pastur model—is also presented in
Appendix H.

In Figs. 6(a)-6(d), we compare theoretical predictions
for the remission enhancement ny"" to the sensitivity
enhancement n¥RF and find that they indeed agree well.
We now present an argument that this relationship is
related to the invariance of the sensitivity map to the input
field profile, as observed in Sec. III C above.

Let us recall that, by definition, the sensitivity is the
response of the flux to the localized perturbation §e(r) =
i€”8(r —rp): S(rg) = 8F (rg)/€” [see Eq. (8)]. As such,
8F (ro) implicitly depends on the location of the perturba-
tion. By performing volume integration over ry on both
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FIG. 6. Comparison between remission and sensitivity enhancement factors. (a)—(d) Symbols show the enhancement factors for
sensitivity ngfIRE (filled circles) and remission n%RE (open circles) as a function of (a) source-detector separation d, (b) transport mean
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the MP-model prediction when the contribution of long-range correlations C, is omitted [Eq. (38)].
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sides of the definition of sensitivity, we conclude that

/ S (ro)d’ry / 8F (ro)d’ry. (33)
Volume integration of the localized perturbation is equiv-
alent to estimating sensitivity to a global, i.e., spatially
uniform, perturbation €”. We now assume that the volume-
integrated change in flux, the right-hand side in Eq. (33),
is proportional to the total flux without perturbation:

[ e o [Z m::fhmbav:/va}, (34

bad

where we used the explicit expression for the flux in terms
of R. This amounts to assuming that a sufficiently small
uniform perturbation should reduce all elements of the
remission matrix equally. This assumption is supported
by theoretical and numerical studies showing that, in the
weak-absorption regime, uniform loss preserves the spa-
tial profiles of individual quasimodes and consequently
attenuates all scattering coefficients proportionally [67,68].
Substituting appropriate input vectors v, and performing
statistical averages, we can find two versions of Eq. (34):
one for the MRE and one for random input excitation.
Forming a ratio, we obtain an insightful constraint

—MRE _
f S (l‘o)d3l‘0 . Pmax MRE

- X MRE (35)
Iapydr, o "

Here, we note that random input excitation is statisti-
cally equivalent to exciting each eigenchannel with equal
probability, pr; = p, where p is the average remission
eigenvalue. Such a relationship has profound implica-
tions—it states that the maximum achievable global (i.e.,
volume-integrated) enhancement of sensitivity is equal to
the remission enhancement for the MRE:

S(ro)d’r,
f 0 0 nI\Q{IRE.

36

[ 8M (e)dPry ()

Wavefront shaping takes advantage of the linearity of

the wave equation and is known to produce nontrivial
constraints or sum rules [69].

Furthermore, the fact that the spatial distribution (the

map) of sensitivity for the MRE is nearly the same as

that for random input excitation, EMRE (rg) §Rl(r0) [see
Sec. Il C], allows us to take the argument in Eq. (35) a
step further and conclude that

MRE n}{\RfIRE' (37)

Ng =
This is an interesting result in the context of our discussion
in Sec. IIB, where we found that $TC yields the high-
est local sensitivity enhancement. The argument above

now allows us to conclude that MRE achieves the highest
global enhancement of sensitivity.

In Ref. [32], we observed that the discrepancy between
nyYRE and pyRE diminishes in the limit d > W + W,
which is fully consistent with our extensive tests of this
relationship reported in Fig. 6. In fact, we see good agree-
ment between sensitivity and remission enhancements
for d as small as around 3 x (W, + W,) [Fig. 6(a)]. In
Appendix H, we provide extensive numerical evidence
relating ny'RE to niytE.

The results presented in this section focus on 2D dis-
ordered systems, where the long-range intensity corre-
lation of speckle patterns, usually denoted as C,, con-
tributes significantly to the remission enhancement (see
Appendix G); however, in most three-dimensional (3D)
diffusive media, particularly biological tissues, the impact
of C, is expected to be considerably smaller, as its con-
tribution to the enhancement, N;C,, scales as o« Ni/kf in
2D and as o< /N /k£ in 3D. Consequently, in 3D media
with k¢ > 1, the enhancement of optical sensitivity will
primarily follow the prediction

2
N
MRE 1 N
nm C2~>0 + N2 ’

which stems from the Marchenko-Pastur limiting distribu-
tion for remission eigenvalues [32]. The dashed lines in
Fig. 6 illustrate this limiting behavior by omitting the C,
contribution from the sensitivity calculations. These results
indicate that, although WFS in 2D can exploit mesoscopic
correlations to enhance sensitivity beyond diffusion theory,
enhancement of remission, and thus sensitivity, can also be
achieved in 3D, particularly in the N; > N, regime. The
physical mechanism for enhancement of remission and/or
sensitivity in the absence of appreciable C, correlations
is interference of multiple coherent contributions at the
output port—a consequence of the determinism of wave
transport.

(38)

IV. OPTICAL SENSITIVITY: VECTOR WAVES

Our previous theoretical and numerical analyses in
Secs. II and III have been based on the scalar wave
equation—Eq. (1). Although the scalar wave approxima-
tion is a common simplification in the study of wave
transport in random media [49], its validity requires care-
ful consideration in the context of coherent control via
WES. Indeed, it has been demonstrated that the polariza-
tion of the wave in strongly scattering media can reliably
be manipulated [70,71]. Notably, the first step toward the
full 3D vector-wave treatment can be readily made in
2D. In this geometry, the electromagnetic wave equation
decouples into TM and TE polarization states. The for-
mer is equivalent to the 2D scalar wave equation, which
we modeled numerically in Sec. III. TE polarization, on
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the other hand, consists of two components of the electric
field. Therefore, modeling TE waves incorporates an addi-
tional scattering channel, compared to scalar or TM waves,
between the two polarization components of the electric
field. In Ref. [63], we used numerical simulations to inves-
tigate whether wave polarization has any effect on the full
distribution of the remission eigenvalues. We found that
the distribution remained independent of the polarization
provided that the two systems had the same macroscopical
scattering parameters, i.e., the same transport mean free
path. This is consistent with a recent numerical study [72],
which found that the distribution of the transmission eigen-
values in fully vectorial 3D simulations coincides with that
for scalar waves.

Generalizing this result to the sensitivity is far from
obvious. Clearly, the sensitivity for scalar waves in Eq. (8)
is determined by the interference between two fields—one
launched from the input port Ey(ry) and the other from
the output one ¢(ry). Extending such a formula to TE
waves should, in fact, include interference effects between
two polarization states of each field. Such a generaliza-
tion is nontrivial, motivating us to revisit the derivation of
sensitivity for TE waves below.

A. Mapping onto the scalar sensitivity model

We begin by enumerating the underlying assumptions
of our theoretical model. First, we consider a TE-polarized
wave propagating into a 2D scattering system. This cor-
responds to considering two in-plane components (x, )
of the electric field and one (z) component of the mag-
netic field. Second, we consider nonmagnetic media where
i = uo. Lastly, scattering originates from the spatially

J

V2e(r)

Sk (r) ~ k2 Se(r) — ———= Se(r) + %

2 €2(r)

Ve(r) - Ve(r)

nonuniform dielectric permittivity € (r), which is assumed
to be real. Under these conditions, the equation describ-
ing the out-of-plane component of the magnetic field H. (r)
becomes

VZH (r) _|_ sz(r) H (r) — LVe(r) .VH (r) = O
: e(r) ’

In contrast to the scalar case (TM polarization) in Eq. (1),
we gain an additional term ~ Ve(r) - VH,(r). Both vector
quantities in this term lie in the plane.

In the next step, we demonstrate that it is possible, with
a judicious change of variables, to transform Eq. (39) into
a Helmholtz equation similar to Eq. (1) for scalar waves.
Introducing the (scalar) function

h(r) = ﬁ’ (40)
we transform Eq. (39) into
V2h(r) + k?(r) h(r) = 0, (41)
where k2 (r) differs markedly from k*¢(r) in Eq. (1),
2 .
) = Re(r) + w0 S Vew Vel )

2¢(r) 4 €2(r)
Such a complex dependence on €(r) causes further com-
plications when we introduce a small perturbation §e(r),
needed for computing sensitivity. Unlike Eq. (1), the linear
perturbation term in k% (r) becomes

3 Ve(r) - Vée(r)

86(1‘) -3 52(1‘)

pEyes (43)

Next, we apply the same theoretical approach as in Sec. I A to derive the appropriate expression for the TE sensitivity

(see Appendix A). We arrive at

VZ2e(rg)

éVe(rO) -Ve(ryg) 3

Ve(rg)

S(ro) = —3V<k2 a0 * 3

where ¢y, (ry) and hy(ry) are defined analogously to ¢ (ry)
and Ey(rp) in Eq. (8). As in Eq. (8), this expression is exact
in the limit of small perturbation. In contrast to the scalar
case, Eq. (44) depends on derivatives of the dielectric
function, making it cuambersome for numerical modeling.
Here, we present arguments that the additional terms in
the parentheses in Eq. (44) can, in fact, be insignificant in

€3(rp)

- EV(W)> Re[¢h(r0)h0(r0)]s (44)

(

many systems. Specifically, we consider two examples of
such disordered media:

Case I: a biological medium such as weakly scattering
tissue. The dielectric function in this case varies rather
weakly—the characteristic fluctuation §e(rg)? ~ is much
smaller than the mean value €(ry). Furthermore, the char-
acteristic spatial extent of these variations L. is much
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larger than the wavelength of light. These two facts allow
us to obtain a rough estimate for the gradient terms in

Eq. (44) as (86(r0)2 /€ (ro)2> /Lg and to conclude that they

should be negligible compared to the first term &>.

Case II: the planar scattering media considered in
Ref. [32]. This is also used as a model in our scalar simu-
lations in Sec. III. Here, we consider a uniform (but large
€ ~ 2.85?) dielectric function with a small concentration
of air holes (€,;; = 1). In such a medium, the variations of
€(ry) are limited to the interfaces between the dielectric
and air holes, making them statistically rare. Therefore,
although the nonzero contributions are of the order of
unity, their statistical contribution (volume average) is
small. Specifically, in our numerical model, we estimate

that this contribution is of the order of (Ax/r) x f <« 1.
Here, Ax is the pixel size, r is the radius of the hole,
and f 1is the filling fraction of the air holes. This esti-
mate shows that this contribution, limited to only interfaces
between the dielectric and air, vanishes as Ax/r — 0. Con-
sequently, in this case too, we are justified in omitting
the gradient terms, and we obtain the following simplified
expression for the TE optical sensitivity:

S (ro) = —k*8VRe[¢y(ro)ho(ro)]. (45)

This is the expression we are going to investigate numeri-
cally in the next section.
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Effect of polarization on microscopic optical sensitivity. (a),(b) Sensitivity maps computed using Egs. (8) for TM polarization

and (45) for TE polarization, respectively. Results are averaged over 1000 disorder realizations. The microscopic disorder in (b)
is adjusted to yield the same transport mean free path as in (a), £ = 6.4 pm. The sensitivity distributions show strong agreement
in both shape and magnitude. (c) Depth cross section along the midplane [dashed lines in panels (a) and (b)], comparing the TE
and TM polarizations for different values of £. The input-output separation is d = 20£. (d) Further comparison of the TE and TM
sensitivity at fixed £ = 6.4 pwm, showing that the agreement persists across different geometrical parameters, such as the input-output

port separation d.

054027-16



HARNESSING COHERENT-WAVE CONTROL...

PHYS. REV. APPLIED 24, 054027 (2025)

TABLE I.  Sensitivity 8 (rp) evaluated along the banana trajectory for three excitation schemes: random input, PC input, and MRE
excitation.
Random input sensitivity PC enhancement "¢ MRE enhancement nMRE
2
1 NN, N,
2D: =8V x — x xN x (1 — + N C
2 P2 1 ( +‘/N2+ 1 2)
2
9 N 1N2 N 1
3D: =8V x — X XN x|14+ . [—+NC
87k~ d*cosf ! ( VN,

B. Numerical analysis

We use the numerical model described in detail in
Sec. III A, with the only difference being that we now con-
sider the TE polarization using the MESTI software package
[62]. The shaped wavefront used to excite the maximum
remission eigenchannel is constructed from the remission
matrix R, which, in this case, represents the field remis-
sion matrix for the out-of-plane component of the magnetic
field. Our goal is to compare the vector-wave (TE—two
components of the electric field) sensitivity to the scalar
(TM—one component of the electric field) case considered
in Sec. Il A. Figures 7(a) and 7(b) show 2D sensitivity
maps 4(rp) in the TM and TE polarization, respectively.
The data are statistically averaged over 1000 realizations.
The input and output widths W, = W, are 10 um and the
input-output separation is d = 20 x £. We set the micro-
scopic disorder parameters, specifically the air-hole size
and density, for the TE case such that the macroscopic scat-
tering parameter—the transport mean free path—matches
that in the scalar simulation, £ = 6.4 um. We observe the
typical banana profile in both cases, as the sensitivity maps
agree quantitatively. This can also be observed from the
cross section of each map along the midplane [dashed lines
in Figs. 7(a) and 7(b)] shown in Fig. 7(c). To confirm
that the agreement between the scalar and vector cases is
not accidental, we varied the microscopic disorder in both
cases to reduce the mean free path to £ = 3.2 pum. Again,
we observe good agreement between the simulations [see
Fig. 7(c)]. We also verified that geometrical parameters,
such as the separation distance d between the input and
output ports, do not introduce any discrepancy between
the scalar and vector results. Figure 7(d) shows that the
agreement is indeed preserved irrespective of the value
of d.

To provide insight into the polarization invariance of
remission sensitivity, we make two complementary obser-
vations—one formal and one physical. Formally, Eq. (45),
derived for TE-polarized vector waves in 2D, has the
same mathematical structure as Eq. (8) for scalar (TM)
waves. As discussed in Sec. IV A, such structural simi-
larity is expected for a broad class of scattering systems.
This supports the conclusion that the optical sensitivity,
defined via these equations, should be largely polarization

independent. Physically, it is difficult to identify any mech-
anism by which a particular component of the electric
field would be systematically favored inside the diffusive
scattering system once the scattering direction becomes
completely randomized.

V. CONCLUSION

In this work, we developed a microscopic theory for
optical sensitivity that remains valid under coherent wave-
front control and verified its consistency with diffusion-
based models in the appropriate limit. This formalism
revealed how sensitivity can be systematically enhanced
via phase conjugation and remission eigenchannels, and
it enabled quantitative predictions of the enhancement
achieved with these input excitations. Although the numer-
ical simulations presented here were conducted in 2D, the
theoretical description remains applicable to 3D systems.

To summarize our results, we evaluated the sensitiv-
ity map along the “banana” trajectory—a half-circle path
of radius d/2 connecting input and output (see Table I).
This shape corresponds to the spatial profile of sensitivity
under random input. While this profile is preserved under
the MRE and PC excitations, the required input wave-
fronts differ: the MRE uses a fixed input wavefront found
by maximizing remission, whereas PC requires distinct
inputs for each target position. In the 2D case, sensitivity
is nearly constant along the path, with PC input yielding a
factor of N; enhancement n°C due to constructive interfer-
ence of time-reversed paths. The MRE yields a sensitivity
enhancement nMRE which can be predicted either by the
FRM theory or by the effective Marchenko-Pastur model
reported in Table I, both incorporating the effect of long-
range correlation C, (see Appendices G and H). In 3D,
the sensitivity varies along the banana geometry as a func-
tion of polar angle 6 (see Appendix D); however, both the
PC and MRE enhancement factors remain the same as in
2D. That said, the contribution of C, to n™MRF is expected
to be much smaller, if not insignificant, in most 3D sys-
tems where £ >> A. This implies that, in 3D, the dominant
mechanism for remission or sensitivity enhancement stems
from constructive interference, which is preserved due to
the deterministic nature of coherent wave transport.
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We note two important considerations that motivate
the practical implementation of coherent wavefront con-
trol strategies. First, the decay of sensitivity with source-
detector separation is more severe in three dimensions:
while in 2D the sensitivity scales as §?P o 1/d?, in 3D
it follows &3P o 1/d*, making the signal diminish even
more rapidly with depth (c.f. Table I and Appendix D).
Second, the numerical studies in Secs. III and IV focused
on a localized absorber used to define sensitivity but did
not account for attenuation due to absorption through-
out the bulk medium, which is common in biological
tissue samples. While the microscopic expression for sen-
sitivity remains unchanged in the presence of absorption,
the resulting spatial profile of the sensitivity map does
change. As we demonstrated in our earlier work [32], bulk
absorption makes the banana-shaped sensitivity map shal-
lower. The above considerations motivate further study
and demonstrate the potential of WFS to enhance signal
strength through constructive interference, counteracting
the degradation of sensitivity caused by both geometric
spreading and attenuation.

From a practical standpoint, MREs offer a unique oppor-
tunity—they maximize the detection sensitivity throughout
the entire imaging volume, while only requiring knowl-
edge of the remission matrix, which can be obtained
noninvasively. Furthermore, our analysis of sensitiv-
ity fluctuations in Appendix F shows that, in addition
to enhancing the mean sensitivity, MREs also exhibit
reduced realization-to-realization variability compared to
random input. This robustness ensures that standard
inverse-problem techniques can still be applied with a
wavefront-shaped input, now with a significantly improved
signal-to-noise ratio and consequently greater penetration
depth.

The next challenge is to translate these insights into
experimental implementations that can overcome the con-
straints of conventional DOT. The use of dynamic wave-
front control in remission-based imaging needs to be
explored in live biological systems, where temporal vari-
ations in tissue properties introduce additional complex-
ity. Moreover, the question remains whether the princi-
ples demonstrated here can be extended to fluorescence
and other optical contrast mechanisms that operate under
highly scattering conditions.

Beyond imaging, these results point to a broader class of
problems in wave physics where coherent control can be
used to selectively enhance signal extraction in complex
media. The ability to enhance and/or reshape sensitivity
maps in a deterministic way suggests applications in adap-
tive sensing, optogenetics, and noninvasive diagnostics,
where penetration depth and resolution are fundamentally
limited by scattering. The real impact of this approach
will come from experimental validation and the integration
of computational wavefront control into next-generation
imaging systems.
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APPENDIX A: PERTURBATIVE APPROACH TO
DIFFUSE INTENSITY

The intensities 7o(r) and I(r), before and after a pertur-
bation is introduced, satisfy the diffusion equation

—DV*Ty(r) = 0,
[-DV? + vgsp()] 1(r) = 0.

(A1)
(A2)

Here, v is the energy velocity (equal to the phase velocity
¢/n in the absence of resonant scattering), D is the diffusion
coefficient, and § . (r) is a local perturbation in absorption.
Although we assumed above that the diffusion coefficient
is spatially invariant and absorption is zero in the absence
of the perturbation, this description can be straightfor-
wardly generalized to include these effects. Inclusion of
such effects would simply detract from our main goal of
comparing and contrasting the diffusive picture below with
the microscopic treatment in Sec. I A.

The leading correction to Io(r) can be estimated pertur-
batively as

I(r) >~ To(r) + / dr'dr” Gy(r,v') V' (', ") Ty (x"), (A3)

where G{)(r, r’) is the Green’s function of the diffusion
equation

—DV2Gy(r,r¥) = 8(r — '), (A4)

and the perturbation, which is assumed to have a linear
size much smaller than the transport mean free path ¢, is
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represented by the delta potential

Vlr) = 9'8(r —ry), with U' = —vgsusV. (A5)
Substituting Eq. (AS5) into Eq. (A3) gives the perturbation
of intensity §/(r) = I(r) — Iy(r) similar to Eq. (3),
81(r) = 0" Gy(r,r9) Ty (ro). (A6)
Comparing this to Eq. (3), we find S = ke”.
Equation (A6) is used in Sec. II C to evaluate the change
in the flux at the detector in response to the perturbation.

/ = .2 / 1 / Val
(xb1Golro)(rolGol xa) (xs|Gol xa)* = /dndrldrzdr/z |(x6]Golry) | T (xh, 1) (rara | W(ro) [ryey) T(ry, 1)) [ (X Gol xa)

which involves the 4-rank tensor W(ro) = [C_?o [ro) (ro| Go]
® G:g. The kernel W(rg,rp,11) = (ro0;| W(ro) |rir;) can
be expressed as

W(ro,r2,11) = (12| Golro) (ro| Gy [r1)(r2| Golr1)*, (B2)
as illustrated in Fig. 8. This gives a non-negligible con-
tribution to the integral Eq. (B1) for r; and r, in the
vicinity of ry. Using I'(ry, 1)) >~ I'(ro,r}) and I'(r}, rp) =~
I'(r}, ry), we get

(x61Golro)(rolGolxa) (X61Gol Xa)* = Kpry W(Ko) Kryas

(B3)
where Ky, = Kur, 1s defined as
— 2
Ko = [t @or) [iniGalx[ . @4
r! ry rg ro r I’
1 0 2
0 eyt e b
RPN U U 00 65 SRR dbddboe b
I'l I‘1 I‘g 1'2
GoodG) T W (ro) I' Gy®Gl
FIG. 8. Leading diagram in the expansion of

(x51Golro) (rolGolxa){xs|Golxa)*. Solid and dashed hori-
zontal lines represent the Green’s operators Gy and Gg,
respectively, while diamonds represent scatterers. Vertical
dashed lines connect identical scatterers.

APPENDIX B: PROOF OF THE GREEN’S
FUNCTION IDENTITY EQ. (31) WITHIN THE
DIFFUSIVE APPROXIMATION

To evaluate the left-hand side in Eq. (31), we expand
each Green’s function over all possible scattering paths,
selecting only those paths that do not accumulate phase
terms dependent on the specific disorder configuration.
These paths are represented by the ladder diagram shown
in Fig. 8. We find

2

B

(B1)

(

and W(ry) = f drdr,W(rg,rp,r1). The integrated kernel
is independent of the position ry of the perturbation, since

dq
(2m)?

Go(9)*Go(q)*.
(B5)

W(re) = (rol GoGiGo Iro) = /

Using Go(q) = (k* — ¢> — ik/€)~", explicit calculation in
the limit &€ > 1 gives

Y D-2
Wrg) ~ -5 (f) : (B6)

8k2 \ 7

We conclude that the left-hand side of Eq. (31) can be
expressed as

(x61Golro){rolGolxa){xs1Gol Xa)*

i (kN7
(_) KbroKroa-

= - — B7
82\« (B7)

The right-hand side of Eq. (31) can also be expressed
in terms of the product Kp Ky, Indeed, in the diffusive
limit, we have

(x| Gol xa) I*
=/mﬁmemWNmnWQOW

~ [/ dr, |(r0|(_}0|r2>|2] /dl‘lr(l‘o,l‘l) |(1'1|(_30|)(a>|2

¢ (k\??
:Ec<;) Krga- (B3)
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FIG. 9. Comparison between the MS and DA results under random input excitation for asymmetric input and output port widths
(W) # W5). (a) Simulated sensitivity maps for systems with transport mean free path £ = 6.4 wm, using different input and output
width combinations (in pm): 10 x 5, 10 x 10, 10 x 15, and 10 x 20. Excellent agreement is observed in all cases. (b) Validation of
the microscopic sensitivity formula: results obtained using the second expression in Eq. (8) (blue circles) are compared with direct
brute-force calculations based on the first part of Eq. (8) (red circles), confirming consistency.

This result implies that Eq. (B7) can be written as

{(xo1Golro){rolGol xaX x61Gol xa)*

T D=2
=zi(;) (1 Golro) 2 [(rolGolxa)l>,  (BY)

and the identity Eq. (31) then follows naturally.

APPENDIX C: ASYMMETRIC CASES FOR
RANDOM AND COHERENT INPUT
SENSITIVITIES

In Sec. III B, Fig. 4, we showed the computation of the
normalized sensitivity for the random input excitation for
the symmetric configuration with W, = W,. In Fig. 9(a),
we also include the numerical results for asymmetric input
and output cases and observe perfect agreement irrespec-
tive of the ratio between W, and W,. This provides further
support for our normalization procedure in Sec. II E.

Furthermore, in Fig. 9(b), we have applied the first part
of Eq. (8). This is the serial way to compute optical sensi-
tivity by taking the ratio between the change of the output
flux and the strength of the perturbation [see Fig. 3(a)].
Numerically, we added a small amount of absorption in a
square area of £ x £, placed at several z values along the
center line. Good agreement with the sensitivity map cal-
culation confirms the validity of the microscopic approach
in Sec. IT A.

APPENDIX D: DIFFUSION APPROXIMATION
FOR SENSITIVITY IN THE REMISSION
GEOMETRY: ANALYTICAL RESULT

In the remission geometry considered in Sec. III, a
closed-form expression for optical sensitivity, Eq. (28), can
be obtained in 2D and 3D. To this end, we begin with the
normalized sensitivity, Eq. (32), in terms of the random
input intensities

(D1)

_ T \P—2 _gg
3gifr(ro) = — )

1 —RI
NN, (ﬁ I, (ro) 1, (xo).

in

Here, the input and output intensities can be found by
solving the 2D or 3D diffusion equation in semi-infinite
geometry z > 0. Atz = 0, we apply open boundary condi-
tions with an extrapolation length z, [49]. We also assume
that the widths of the input and output, located at y =
0,d [see for example Fig. 4(a)] are much smaller than
their separation Wy, W, < d. The normalization adopted
in Sec. II C assumes that NV; units of dimensionless flux are
used to excite the system. The source of diffusive waves is
V - Jpant, where Jpa = ¢/ 2negk) x e 2/¢8(y) is the ballis-
tic (unscattered) flux. The normalization factor [c/2kn.g]
is obtained from the microscopic wave equation [62].
In 2D, we find

—RI2D c N £z

I Iy = — .
i (¥0) 2kneg wD (2o + z.)? —}—yg

(D2)

Substituting Eq. (D2) into Eq. (D1), we obtain the final
result for the normalized sensitivity map,
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1

2
Zy

-2D
3450, 20) =

This is the desired analytical expression used to study
the dependence on detector separation in Fig. 4 from
Sec. III D. Interestingly, we find that Eq. (D3) is essen-
tially independent of the transport mean free path. Indeed,
at distances exceeding the extrapolation length z, ~ £, the
dependence on £ becomes insignificant. In fact, along the
crescent banana trajectory, the sensitivity remains nearly
constant:

1 1
2D
ddiff = BTy (D4)

It depends only on the vacuum wave number k = 27 /X
and source-detector separation d. For Ly = 1.55 um and

J

9

T [(20 + 2% + 32 [20 + 20 + (o — D]

(D3)

(

d =128 pm, we get 3gin(d/2,d/2) ~ 3.8 x 1077, which
agrees with the microscopical numerical calculations
reported in Fig. 4.

The 3D result can be obtained analogously by using
the appropriate expression for the Green’s function. For

Tfill(r 0), we get

—RI,3D c M Lz
L™ (ro) = PR 293/27
2knegr 27D [x5 + y§ + (20 + 2e)?]

(D5)

where the normalization factor ¢/2kn.s remains the same
as in 2D. Subsequently, we get the final dimensionless
expression for the 3D sensitivity map as

2
Zp

3D
airr(ro) = —

Similar to Eq. (D3), Eq. (D6) does not significantly depend
on the transport mean free path. Parameterizing the posi-
tion along the banana trajectory of radius d/2 with a polar
angle 6, we get the simplified expression

9 1 1

-3D

PP~ —— D7
diff 81 % k4d* % cos 6 (D7)

which now, in 3D, depends on £, d, and 6. Unlike the
2D expression, Eq. (D4), the sensitivity is no longer con-

stant along the banana. The divergence at 6 ~ +m/2 is
prevented by the surface corrections at the level

1
=3D
ddiff X —m (Dg)
APPENDIX E: COMPARISON BETWEEN THE
RANDOM INPUT AND MAXIMUM REMISSION
EIGENCHANNEL PROFILES

Figure 10 highlights a striking and unresolved feature
in the behavior of the optical sensitivity under coherent
excitation. According to the DA in Sec. IIC, the sen-
sitivity map 3(rp) is predicted to be proportional to the
product of the input and output intensity profiles at posi-
tion ro: apa(ro) o Lin(rg) x Iou(ro) [see Eq. (28)]. This
is illustrated in Figs. 10(a) and 10(b) for the RI case,
where the resulting sensitivity map exhibits the expected

1T [ 438 + o+ 2021 [ + 00 — AP + o +20°]

(D6)

(

banana-shaped profile, consistent with established DOT
theory.

When the system is excited with the MRE, a coherent
input state with a significantly different internal inten-
sity distribution is produced, as shown in Fig. 10(c).
Surprisingly, however, the product IMRE(rg) x IMRE(r))
still results in a map with a similar shape, as shown in
Fig. 10(d). This result was discussed in Sec. III C and is
referred to as a heuristic DA*. The resemblance of the pro-
files in Figs. 10(b) and 10(d) is unexpected, but it holds
even quantitatively (see Sec. III C). From the analysis in
Sec. 11 C, the DA prediction is not expected to be appli-
cable for coherent input states such as MREs, since the
DA assumes statistical independence of input and out-
put fields—a condition clearly violated by the structured
nature of MRE excitation. Nonetheless, Fig. 10 suggests
that the spatial structure of the sensitivity map remains
robust, even when the underlying field intensities deviate
significantly from those predicted by diffusion.

The origin of this robustness is not presently understood.
The fact that the product IMRE(rg) x IMRE(rg) retains a
similar shape despite strong modification of each factor
individually implies the presence of subtle constraints in
the underlying wave transport that are not captured by
existing theory. This observation highlights an important
open question: why does the DA-inspired structure of the
sensitivity map persist even for coherent input states far
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FIG. 10. Comparison between random input and MRE exci-
tation. (a) Simulated input intensity fil:ll(ro) for random input in
a system with £ = 6.4 um, d = 20¢ and W, = W, = 5 pm. (b)

—RI —RI . . .
Product I, (rp) x 1,,(ro), representing the normalized sensitiv-

ity map for random input, as given by Eq. (28) under the DA. (c)
Input intensity T?:RE (ro) corresponding to the maximal remission
eigenchannel. (d) Product T?:RE (ro) x 71(\)/[111:15 (ro), constituting the
DA* heuristic for the sensitivity map under MRE excitation, as
discussed in Sec. IIIC.

outside the DA regime? Resolving this will require deeper
theoretical insight into why the banana-like profile of sen-
sitivity is preserved even under coherent illumination. One
promising direction could be sum rules [69], which are
known to produce nontrivial constraints in mesoscopic
wave transport.

APPENDIX F: EFFECT OF FLUCTUATIONS ON
SENSITIVITY

The results presented in the main text correspond to
disorder-averaged quantities. In practice, however, both
extrinsic (sample-to-sample) and intrinsic (point-to-point
within the same sample) fluctuations play an important role
[74] in the interpretation of experimental measurements of

sensitivity. Here, we quantify these fluctuations and ana-
lyze their relevance for applications such as diffuse optical
imaging.

For each disorder realization, we computed the sensi-
tivity averaged over a perturbation area Ap centered in
the middle of the banana region. Treating this volume-
averaged sensitivity as a single data point, we compiled
distributions from 1000 disorder realizations. The results
are shown in Fig. 11. Figure 11(a) displays the distribu-
tion of 4,4, for RI, which is broad with a finite variance.
Figure 11(b) shows the distribution for the MRE exci-
tation: the mean sensitivity is increased, while the rela-
tive fluctuations are smaller. Thus, MRE achieves both
enhanced mean sensitivity and reduced fluctuations com-
pared to RI.

Figure 11(c) quantifies the relative fluctuations, o, ip /
34p, as a function of perturbation area. Both RI and MRE
show a decrease of fluctuations with increasing Ap, but
with a weaker scaling than the ideal 1/4/4p dependence
expected for uncorrelated random contributions. Impor-
tantly, across all 4p, the fluctuations of sensitivity under
MRE excitation are consistently smaller than those for
RI. This robustness resembles the behavior for the inten-
sity of high-transmission eigenchannels in the waveguide
geometry, which also exhibits suppressed realization-to-
realization fluctuations compared to random inputs [53].

The above results demonstrate that remission eigen-
channels are not only advantageous in terms of mean sensi-
tivity but also in terms of statistical stability. Their reduced
fluctuations make them particularly promising for diffuse
optical imaging applications, where this property should
result in an increase in robustness of the inverse-problem
algorithms reconstructing the locations of the perturbations
from remission measurements.

APPENDIX G: FILTERED RANDOM MATRIX
THEORY FOR PREDICTING COHERENT
REMISSION ENHANCEMENT

The detailed description of the analytical procedure used
for computing remission enhancement by applying filtered
random matrix theory can be found in Ref. [32]; how-
ever, for the sake of completeness, we will summarize here
the overall scheme of the method. In Fig. 6 in Sec. IIID,
we included solid lines that represent the analytical solu-
tions when computing sensitivity as a function of £ and the
geometrical parameters d, N, and N,.

As is well known, the scattering matrix fully encodes
multiple scattering within the medium; it is a powerful
tool that relates arbitrary input fields to their corresponding
outputs, and in principle, it allows for the reconstruction
or prediction of either (see Fig. 1 in Sec. II A). Thus,
to compute the theoretical enhancement, we rely on full
knowledge of the scattering matrix. Specifically, access to
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(a) Distribution of 44, sensitivity averaged over a perturbation area Ap = £ x £ under RI excitation. Here, Ap is centered in

the middle of the banana region. The histogram is compiled from 1000 disorder realizations. (b) Same as in (a) but for MRE excitation.
(c) Log-log plot of relative fluctuations (standard deviation normalized by the mean) computed from P(S,,) versus perturbation
area Ap = {1/64,1/16,1/4,1} x £>. Both RI and MRE exhibit similar scaling GJAP/(AAP) o 1/4$ with o 2~ 0.17 (solid line). This
confirms that fluctuations are suppressed by volume averaging in the 4p — oo limit. Importantly, the fluctuations for MRE excitation

are significantly suppressed compared to those for random input.

the scattering matrix provides information about the remis-
sion matrix (R, from which we can compute the eigenvalue
probability density function of RTR and its statistical
moments. In our setup, light propagates through an open
geometry, where input and output channels cover only a
small fraction of the total surface area. Therefore, we must
also account for incomplete channel control in both injec-
tion and detection [32]. The FRM method [64] allows us
to model the remission matrix R as a filtered matrix of
dimension N, x Np, drawn from a virtual My x M, matrix
Ry characterized by a bimodal distribution of remission
eigenvalues with a specific mean value. This model cap-
tures the idea that only a fraction of the scattering channels
are effectively excited and detected at the injection and
remission sites [32]. Both M, and the mean p, of the
bimodal eigenvalue probability density function (PDF) of
GQSKRO are effective parameters of the model, which are
unknown a priori. A theoretical calculation of the flux and

J

its fluctuations detected in the output port will be used to
express My and p, in terms of the parameters involved in
the remission experiment: the mean free path, the injection
remission distance d, and the numbers of input and output
spatial channels NV, and N,.

According to Refs. [32] and [64], the FRM theory allows
one to establish the mathematical relation between the
PDFs of RTR and GQQ;GQO. Below, we give explicit equa-
tions for the case Ny > N,, as in Ref. [32]. The case
N; < N, can be obtained by inverting the roles of N} and
N, in the equations for the eigenvalues p. We note, how-
ever, that the prediction for the largest eigenvalue ppax
remains the same in both cases. For N; > N,, the PDF of
the nonzero eigenvalues of RTR is identical to the PDF
P(p) of the eigenvalues of RRT; it is given by P(p) =
— lim,_, o+ Im[g(p + in)]/m, where g(w) is the solution to
the following implicit equation [64]:

wmyg(w) + 1 — m; g( [wmag(w) + 1 — my]? ) 1 (G1)
mag(w)[wmag(w) + my — my]” \ mag(w)[wmag(w) + my — my] ’
[
where m| = Ny /My, my = N, /M,, and the first two cumulants, we find [64]

1 24 tanh(1/7,) (p) = mi{po) = mipy, (G3)

gw)=— — ———arctanh | ————=|. (G2) 0 2 1
woowyl—w VA —w) Var<—>:m2[7+——2:|. (G4)

(0) 300 m

Based on Eq. (G1), it is possible to express the moments
P(p) in terms of the eigenvalue PDF of (R(')GQO. Thus, for

We now solve these equations to express the unknown
parameters mi, m;, and p, of Eq. (G1) in terms of the first
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two moments, (p) and (p?), to get

(G5)

m=%, (G6)

po=2 (G7)
0

where 8 = Ni/N,. The above expressions, together with
Eq. (G1), allow us to predict the full PDF P(p) from the
first two moments. The results of this prediction are shown
in Ref. [32].

The two first moments can also be evaluated analyti-
cally. First, we note that (o) = (N;/N,)pr1, Where pg; is
the mean diffusive flux measured in the output port, and it
is given by the solution to Fick’s law of diffusion,

pri ~ W>DI(y = d,z = 0), (G8)
where /(y,z) is the solution to the stationary diffusion
equation,

—DV2(y,z) = 8§(»)8(z — z.). (G9)
In the previous equations, ¥, is the width of the output,
D = £c/2 is the diffusion coefficient for light, and z, is
the extrapolation length defined in Sec. D. An approxi-
mate solution is (y, z) ~ z£/(wDy?) in the limit y > z, £.
Using N, = kW, /mr, we get pri &~ Nokl/(kd)* and

(p) =~ N Kt (G10)
P kay

Next, we need to find the expression for the normalized
variance Var(p/{p)). This variance can be expressed as a
function of the full eigenvalues p of RTR as

P N, 12
V: ) =-==1V —_— 1]—1 Gll1
”Qm) NJ:MQm>+} @

where we have p = pr;. To find an expression for
Var(p/(p)), we relate it to the fluctuations in the inten-
sity I, measured in the output waveguide after exciting
the channel a at the input. This is achieved by applying
a singular value decomposition to (R. By this, we find that
IL,=>, | Van|? 6. As a result, the fluctuations in Z, depend

J

Pmax __ [(@ = )P + (1/2)*PPla — 1 + (2/2)*(« = 1)']

on the fluctuations in p and the statistical properties of the
matrix V. By assuming that }'is randomly distributed in the
unitary group [26], we can show that in the limit M, > 1,

() ~ v ()
Var| — | =~ N;Var .
(0) (La)

As explained in Ref. [32], the average in the unitary group
makes the result independent of the channel a. It is thus
also equal to the fluctuations of intensity / = |E|? in the
output waveguide resulting from a uniform excitation of
all modes in the input waveguide. We evaluate the latter
by decomposing the field £ as a sum of all possible scat-
tering contributions reaching the output waveguide. Using
standard diagrammatic techniques, we find

(G12)

Var/ _ 1

=W G (G13)

where C, is the intensity-intensity correlation function,
given by

G

- ) o
- 4/{5(1(51’0))2//dydz(l(yaz)) [V,:K(d,0;y,2)]".
(G14)

It can be shown that in the limit d > W, £, the calculation

of C, gives
1[4 d
CG~—|—In|{— ,
: M[n“(%)*d

where numerical simulations produce y =~ 0.6. Finally,
Egs. (G11), (G12), and (G13) together give us

(G15)

N
w{ﬁl:i+mg. (G16)

(p) Ni
To reach the final step toward the sensitivity-

enhancement expression, we need to determine the upper
edge pmax Of the distribution P(p). An equation for this
quantity can be derived from (G1) (see Egs. [8] and [9]
in the Supporting Information of Ref. [32]). While this
equation is exact, it does not provide an explicit analytical
expression for ppa in terms of Ny, N,, and C,; however,
an approximate explicit solution can be obtained under the
conditions Ni,N, > 1 and d > W, which are satisfied
for most of our simulations. The upper edge of P(p), as
derived in Ref. [26], takes the form

() a(o — 1)1/3

+ O(m), (G17)
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where @ = m/p,. From Egs. (G5) and (G7), we get
a=m—2%§[Var(i>—l:| =§<N2C2+&—1>.
(o) 2 (p) 2 N,
(G18)
Because of the values of the parameters in our simula-

tions and experiments, we can consider the limit o > 1
in Eq. (G17),

Pmax \2/3 1/3 1
~ 3(= B_24+0@'?. (G19
o (2) o +O@ . (G19)

This expression allows us to compute the enhancement
in the remitted signal, pPmax/Pr1 = (N1/N2)Pmax/{p). We
can even make an additional assumption to capture the
behavior in the limit N,C, >> 1 to obtain

Pmax 3 Wl 4 1 d
~—|—In|—)+y]|.

PRI 2l | W,

This last expression shows explicitly the strong depen-

dence of the enhancement on the number of input channels

and the transport mean free path, as well as a logarithmic

dependence on the distance d; however, we remark that the

complete dependence on these parameters and the number
of output channels is captured by Eq. (G1).

(G20)

APPENDIX H: EFFECTIVE
MARCHENKO-PASTUR MODEL

As explained in Appendix G, while the FRM model
is accurate, it does not provide an explicit analytical
expression for the remission enhancement for arbitrary

TABLE II.

aspect ratio N1/N,. An alternative model for the remission
enhancement is the effective Marchenko-Pastur model,
which is less accurate but has the advantages of being
simple, intuitive, and providing an explicit expression in
terms of Ny, N, and C,. This model was first introduced
in Ref. [65] as a simple alternative to the FRM approach in
transmission. It was later shown to yield good results for
maximizing energy deposition with broadband light [66].
In the present context of remission, this model amounts to
assuming that the non-Gaussian remission matrix (R of size
N, x N; can be replaced by an effective Gaussian matrix
of size Neg X Ni, where Neg is the number of effectively
independent channels at the output. This number is smaller
than N, due to long-range correlations at the output, and
it is given by 1/Neg = 1/N, + C, [65,66]. In this model,
the matrix RTR behaves as a Wishart matrix of aspect
ratio Ni /Neg, whose eigenvalue distribution is given by the
Marchenko-Pastur law, parameterized solely by N;/Neg. In
particular, in the limit of large matrix size, the upper edge
of the distribution, normalized by the mean eigenvalue,
yields

2 2
Pmax N Ny

— =14+ =1+, —+NC . (H1
ORI ( Neff> ( \ N2 12) (HD)

To assess the accuracy of the effective Marchenko-
Pastur (MP) model in predicting remission enhance-
ment, we consider various combinations of Ny, 1/C,
and N,, looking for systematic deviations between remis-
sion/sensitivity enhancements obtained numerically and
theoretical predictions. In simulations, we consider the
system with the source-detector separation to d = 20¢
with £ = 6.4 um, and we vary the number of degrees of

Comparison of remission enhancement 1 obtained from numerical simulations with analytical predictions based on the

effective Marchenko-Pastur model and the idealized Marchenko-Pastur model (i.e., C; = 0), for various input and output port widths.
All results correspond to a system with transport mean free path £ = 6.4 wm and source-detector separation d = 128 um.

Ny N, N1/N2 C 1/Cy ne ns Effective MP MP
3 57 0.05 0.08 12.7 1.6 1.7 2.4 1.5
3 38 0.08 0.08 12.7 1.7 1.7 2.4 1.6
3 19 0.16 0.08 12.7 1.7 1.8 2.6 2.0
19 38 0.50 0.05 19.4 43 4.6 4.9 2.9
38 76 0.50 0.05 21.7 6.1 6.5 6.2 2.9
38 57 0.67 0.05 21.7 6.4 6.9 6.5 33
19 19 1.00 0.05 19.4 5.1 5.5 5.8 4.0
38 38 1.00 0.05 21.7 7.0 7.4 7.1 4.0
57 57 1.00 0.05 21.8 8.7 9.4 8.4 4.0
76 76 1.00 0.05 20.8 10.1 11.2 10.0 4.0
57 38 1.50 0.05 21.8 9.6 10.2 9.2 4.9
38 19 2.00 0.05 21.7 8.6 9.3 8.6 5.8
57 19 3.00 0.05 21.8 12.1 12.8 11.3 7.5
19 3 6.33 0.05 19.4 11.3 12.0 13.7 12.4
38 3 12.67 0.05 21.7 21.7 22.0 23.0 20.8
57 3 19.00 0.05 21.8 31.8 32.2 31.9 28.7
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freedom at the input and output to scan the relevant interval
of the MP parameter C, (see Table II). The value of C; is
computed using Eq. (G15), originally derived in Ref. [32],
which provides an analytical expression valid in the limit
d> Wy, L.

As shown, the sensitivity enhancement s consistently
exceeds the remission enhancement ng, yet their magni-
tudes remain close to the effective MP model. This is in
agreement with the prediction from Sec. III D that remis-
sion enhancement serves as a proxy for global sensitivity
enhancement. Moreover, the data corroborate the hypoth-
esis that the MP model with C; = 0 indeed sets a lower
bound on enhancement: any increase beyond this base-
line stems from the long-range correlations, whose effect is
captured by the C, contribution. The observed agreement
with theory, despite various finite-size effects, highlights
the robustness of the effective MP model in predicting
remission enhancement in diffusive media. We also note
that the disagreement observed for small N; is due to
the limitation of the Marchenko-Pastur law, which strictly
applies only to matrices of large dimensions.

[1] A. Ishimaru, Wave Propagation and Scattering in Random
Media (Academic Press, New York, 1978), 1-2.

[2] K. Aki and P. G. Richards, Quantitative Seismology: The-
ory and Methods (W.H. Freeman and Company, San Fran-
cisco, 1980).

[3] E. R. Pike and P. C. Sabatier, eds. Scattering: Scatter-
ing and Inverse Scattering in Pure and Applied Science
(Academic Press, San Diego, 2002).

[4] W. C. Chew, Waves and Fields in Inhomogeneous Media
(IEEE Press, New York, 1995), reprinted by Wiley-IEEE
Press, 1999.

[5] J. Bertolotti and O. Katz, Imaging in complex media, Nat.
Phys. 18, 1008 (2022).

[6] L. Wang and H.-i. Wu, Biomedical Optics: Principles and
Imaging (John Wiley & Sons, Hoboken, NJ, 2007).

[7] B. E. Bouma and G. J. Tearney, Handbook of Optical
Coherence Tomography (CRC Press, Boca Raton, 2001).

[8] A. Yodh and B. Chance, Spectroscopy and imaging with
diffusing light, Phys. Today 48, 34 (1995).

[9] D. Boas, D. Brooks, E. Miller, C. DiMarzio, M. Kilmer,
R. Gaudette, and Q. Zhang, Imaging the body with dif-
fuse optical tomography, IEEE Signal Process. Mag. 18, 57
(2001).

[10] T.Durduran, R. Choe, W. B. Baker, and A. G. Yodh, Diffuse
optics for tissue monitoring and tomography, Rep. Prog.
Phys. 73, 076701 (2010).

[11] F. Scholkmann, S. Kleiser, A. J. Metz, R. Zimmermann, J.
Mata Pavia, U. Wolf, and M. Wolf, A review on continu-
ous wave functional near-infrared spectroscopy and imag-
ing instrumentation and methodology, Neurolmage 85, 6
(2014).

[12] E. E. Vidal-Rosas, A. von Lithmann, P. Pinti, and R. J.
Cooper, Wearable, high-density fNIRS and diffuse optical

tomography technologies: A perspective, Neurophotonics
10, 023513 (2023).

[13] F. F. Jobsis, Noninvasive, infrared monitoring of cere-
bral and myocardial oxygen sufficiency and circulatory
parameters, Science 198, 1264 (1977).

[14] S. R. Arridge, Optical tomography in medical imaging,
Inverse Probl. 15, R41 (1999).

[15] S. R. Arridge and J. C. Schotland, Optical tomography:
Forward and inverse problems, Inverse Probl. 25, 123010
(2009).

[16] G.Blaney, A. Sassaroli, and S. Fantini, Spatial sensitivity to
absorption changes for various near-infrared spectroscopy
methods: A compendium review, J. Innov. Opt. Health Sci.
17, 2430001 (2024).

[17] S.-R. Tsai and M. R. Hamblin, Biological effects and
medical applications of infrared radiation, J. Photochem.
Photobiol. B: Biol. 170, 197 (2017).

[18] A. D. Mora, D. Contini, S. Arridge, F. Martelli, A. Tosi,
G. Boso, A. Farina, T. Durduran, E. Martinenghi, A. Torri-
celli, and A. Pifferi, Towards next-generation time-domain
diffuse optics for extreme depth penetration and sensitivity,
Biomed. Opt. Express 6, 1749 (2015).

[19] A. Pifferi, D. Contini, A. D. Mora, A. Farina, L.
Spinelli, and A. Torricelli, New frontiers in time-domain
diffuse optics, a review, J. Biomed. Opt. 21, 091310
(2016).

[20] A. P. Mosk, A. Lagendijk, G. Lerosey, and M. Fink,
Controlling waves in space and time for imaging and
focusing in complex media, Nat. Photonics 6, 283
(2012).

[21] H. Yu, J. Park, K. Lee, J. Yoon, K. Kim, S. Lee, and Y.
Park, Recent advances in wavefront shaping techniques
for biomedical applications, Curr. Appl. Phys. 15, 632
(2015).

[22] S. Rotter, and S. Gigan, Light fields in complex media:
Mesoscopic scattering meets wave control, Rev. Mod.
Phys. 89, 1 (2017).

[23] S. Gigan et al., Roadmap on wavefront shaping and deep
imaging in complex media, J. Phys.: Photonics 4, 042501
(2022).

[24] H. Cao, A. P. Mosk, and S. Rotter, Shaping the propagation
of light in complex media, Nat. Phys. 18, 994 (2022).

[25] S. Yoon, C. Kim, J. Lee, and W. Choi, Deep optical imaging
within complex scattering media, Nat. Rev. Phys. 2, 141
(2020).

[26] N.Bender, A. Yamilov, A. Goetschy, H. Yilmaz, C. W. Hsu,
and H. Cao, Depth-targeted energy deposition deep inside
scattering media, Nat. Phys. 18, 309 (2022).

[27] W. Choi, A. P. Mosk, Q. Han Park, and W. Choi, Transmis-
sion eigenchannels in a disordered medium, Phys. Rev. B
83, 134207 (2011).

[28] M. Davy, Z. Shi, J. Park, C. Tian, and A. Z. Genack,
Universal structure of transmission eigenchannels inside
opaque media, Nat. Commun. 6, 6893 (2015).

[29] R. Sarma, A. G. Yamilov, S. Petrenko, Y. Bromberg, and H.
Cao, Control of energy density inside a disordered medium
by coupling to open or closed channels, Phys. Rev. Lett.
117, 086803 (2016).

[30] O. S. Ojambati, H. Yilmaz, A. Lagendijk, A. P. Mosk,
and W. L. Vos, Coupling of energy into the fundamental

054027-26


https://doi.org/10.1038/s41567-022-01723-8
https://doi.org/10.1063/1.881445
https://doi.org/10.1109/79.962278
https://doi.org/10.1088/0034-4885/73/7/076701
https://doi.org/10.1016/j.neuroimage.2013.05.004
https://doi.org/10.1117/1.NPh.10.2.023513
https://doi.org/10.1126/science.929199
https://doi.org/10.1088/0266-5611/15/2/022
https://doi.org/10.1088/0266-5611/25/12/123010
https://doi.org/10.1142/S1793545824300015
https://doi.org/10.1016/j.jphotobiol.2017.04.014
https://doi.org/10.1364/BOE.6.001749
https://doi.org/10.1117/1.JBO.21.9.091310
https://doi.org/10.1038/nphoton.2012.88
https://doi.org/10.1016/j.cap.2015.02.015
https://doi.org/10.1103/RevModPhys.89.015005
https://doi.org/10.1088/2515-7647/ac76f9
https://doi.org/10.1038/s41567-022-01677-x
https://doi.org/10.1038/s42254-019-0143-2
https://doi.org/10.1038/s41567-021-01475-x
https://doi.org/10.1103/PhysRevB.83.134207
https://doi.org/10.1038/ncomms7893
https://doi.org/10.1103/PhysRevLett.117.086803

HARNESSING COHERENT-WAVE CONTROL...

PHYS. REV. APPLIED 24, 054027 (2025)

diffusion mode of a complex nanophotonic medium, New
J. Phys. 18, 043032 (2016).

[31] R. Carminati and J. C. Schotland, Principles of Scatter-
ing and Transport of Light (Cambridge University Press,
Cambridge, 2021).

[32] N. Bender, A. Goetschy, C. W. Hsu, H. Yilmaz, P. Jara,
A. Yamilov, and H. Cao, Coherent enhancement of optical
remission in diffusive media, Proc. Natl. Acad. Sci. 119, 1
(2022).

[33] P. Sheng, Introduction to Wave Scattering, Localization,
and Mesoscopic Phenomena, Springer Series in Materials
Science Vol. 88 (Springer, 2006), 2nd ed.

[34] C. W. J. Beenakker, Random-matrix theory of quantum
transport, Rev. Mod. Phys. 69, 731 (1997).

[35] J. C. Schotland, Inverse scattering methods for diffuse
optical tomography, Inverse Probl. 13, R1 (1997).

[36] Z. Yaqoob, D. Psaltis, M. S. Feld, and C. Yang, Optical
phase conjugation for turbidity suppression in biological
samples, Nat. Photonics 2, 110 (2008).

[37] M. Fink, D. Cassereau, A. Derode, C. Prada, P. Roux, M.
Tanter, J.-L. Thomas, and F. Wu, Time-reversed acoustics,
Rep. Prog. Phys. 63, 1933 (2000).

[38] D. Fisher and P. Lee, Relation between conductivity and
transmission matrix, Phys. Rev. B 23, 6851 (1981).

[39] S. M. Popoff, G. Lerosey, R. Carminati, M. Fink, A. C. Boc-
cara, and S. Gigan, Image transmission through an opaque
material, Nat. Commun. 1, 81 (2010).

[40] A. P. Mosk, A. Lagendijk, G. Lerosey, and M. Fink, Con-
trolling waves in space and time for imaging and focusing
in complex media, Nat. Photonics 6, 283 (2012).

[41] L. V. Wang and J. Zhao, Photoacoustic tomography: Prin-
ciples and advances, Nat. Photonics 7, 503 (2013).

[42] M. Fink, Time reversed acoustics, Phys. Today 50, 34
(1997).

[43] P. Ambichl, A. Brandstétter, J. Bohm, M. Kiihmayer, U.
Kuhl, and S. Rotter, Focusing inside disordered media with
the generalized Wigner—Smith operator, Phys. Rev. Lett.
119, 033903 (2017).

[44] M. Horodynski, M. Kiithmayer, A. Brandstétter, K. Pich-
ler, Y. V. Fyodorov, U. Kuhl, and S. Rotter, Optimal
wave fields for micro-manipulation in complex scattering
environments, Nat. Photonics 14, 149 (2020).

[45] P. del Hougne, K. B. Yeo, P. Besnier, and M. Davy,
Coherent wave control in complex media with arbitrary
wavefronts, Phys. Rev. Lett. 126, 193903 (2021).

[46] D. Bouchet, S. Rotter, and A. P. Mosk, Maximum informa-
tion states for coherent scattering measurements, Nat. Phys.
17, 564 (2021).

[47] J. C. Schotland, J. C. Haselgrove, and J. S. Leigh, Photon
hitting density, Appl. Opt. 32, 448 (1993).

[48] J. C. Schotland and V. A. Markel, Inverse scattering with
diffusing waves, J. Opt. Soc. Am. A 18, 2767 (2001).

[49] E. Akkermans and G. Montambaux, Mesoscopic Physics of
Electrons and Photons (Cambridge University Press, New
York, 2007).

[50] M. C. W. van Rossum and T. M. Nieuwenhuizen, Multiple
scattering of classical waves: Microscopy, mesoscopy, and
diffusion, Rev. Mod. Phys. 71, 313 (1999).

[51] W. Cui, C. Kumar, and B. Chance, in Proceedings of SPIE
- Time-Resolved Spectroscopy and Imaging of Tissues, Vol.
1431 (SPIE, Los Angeles, CA, United States, 1991), p. 180.

[52] S. Fantini, G. Blaney, and A. Sassaroli, Transformational
change in the field of diffuse optics: From going bananas to
going nuts, J. Innov. Opt. Health. Sci. 13, 1930013 (2020).

[53] N. Bender, A. Yamilov, H. Yilmaz, and H. Cao, Fluctu-
ations and correlations of transmission eigenchannels in
diffusive media, Phys. Rev. Lett. 125, 165901 (2020).

[54] R. Sarma, A. Yamilov, S. F. Liew, M. Guy, and H. Cao,
Control of mesoscopic transport by modifying transmission
channels in opaque media, Phys. Rev. B 92, 214206 (2015).

[55] A. Yamilov, S. Petrenko, R. Sarma, and H. Cao, Shape-
dependence of transmission, reflection and absorption
eigenvalue densities in disordered waveguides with dissi-
pation, Phys. Rev. B 93, 100201(R) (2016).

[56] M. Koirala, R. Sarma, H. Cao, and A. Yamilov, Inverse
design of perfectly transmitting eigenchannels in scattering
media, Phys. Rev. B 96, 054209 (2017).

[57] A. G. Yamilov, R. Sarma, B. Redding, B. Payne, H. Noh,
and H. Cao, Position-dependent diffusion of light in disor-
dered waveguides, Phys. Rev. Lett. 112, 023904 (2014).

[58] R. Sarma, A. Yamilov, and H. Cao, Enhancing light trans-
mission through a random medium with inhomogeneous
scattering and loss, Appl. Phys. Lett. 110, 021103 (2017).

[59] A. Taflove and S. C. Hagness, Computational Electro-
dynamics: The Finite-Difference Time-Domain Method
(Artech House, Norwood, 2005), 3rd ed.

[60] J. R. Summers, Universal wavefront transmission through
disordered media, Master’s thesis, Missouri University of
Science and Technology, 2018.

[61] C.W. Groth, M. Wimmer, A. R. Akhmerov, and X. Waintal,
Kwant: A software package for quantum transport, New J.
Phys. 16, 063065 (2014).

[62] H. Lin, Z. Wang, and C. W. Hsu, Fast multi-source
nanophotonic simulations using augmented partial factor-
ization, Nat. Comput. Sci. 2, 815 (2022).

[63] P.Jara, H. C. Lin, C. W. Hsu, H. Cao, and A. Yamilov, Sim-
ulation of coherent remission in planar disordered medium,
2023 International Applied Computational Electromagnet-
ics Society Symposium (ACES), 1 (2022).

[64] A. Goetschy and A. D. Stone, Filtering random matri-
ces: The effect of incomplete channel control in multiple
scattering, Phys. Rev. Lett. 111, 063901 (2013).

[65] C. W. Hsu, S. F. Liew, A. Goetschy, H. Cao, and A. D.
Stone, Correlation-enhanced control of wave focusing in
disordered media, Nat. Phys. 13, 497 (2017).

[66] R. McIntosh, A. Goetschy, N. Bender, A. Yamilov, C. W.
Hsu, H. Yilmaz, and H. Cao, Delivering broadband light
deep inside diffusive media, Nat. Photonics 18, 744 (2024).

[67] A. Yamilov and H. Cao, Effect of amplification on conduc-
tance distribution of a disordered waveguide, Phys. Rev. E
74, 056609 (2000).

[68] S. F. Liew, S. M. Popoff, A. P. Mosk, W. L. Vos, and H.
Cao, Transmission channels for light in absorbing random
media: From diffusive to ballistic-like transport, Phys. Rev.
B 89, 224202 (2014).

[69] A. Yamilov, N. Bender, and H. Cao, Sum rules for energy
deposition eigenchannels in scattering systems, Opt. Lett.
47,4889 (2022).

[70] Y. Guan, O. Katz, E. Small, J. Zhou, and Y. Silberberg,
Polarization control of multiply scattered light through ran-
dom media by wavefront shaping, Opt. Lett. 37, 4663
(2012).

054027-27


https://doi.org/10.1088/1367-2630/18/4/043032
https://doi.org/10.1073/pnas.2207089119
https://doi.org/10.1103/RevModPhys.69.731
https://doi.org/10.1088/0266-5611/13/6/001
https://doi.org/10.1038/nphoton.2007.297
https://doi.org/10.1088/0034-4885/63/12/202
https://doi.org/10.1103/PhysRevB.23.6851
https://doi.org/10.1038/ncomms1078
https://doi.org/10.1038/nphoton.2012.88
https://doi.org/10.1038/nphoton.2013.191
https://doi.org/10.1063/1.881692
https://doi.org/10.1103/PhysRevLett.119.033903
https://doi.org/10.1038/s41566-019-0550-z
https://doi.org/10.1103/PhysRevLett.126.193903
https://doi.org/10.1038/s41567-020-01137-4
https://doi.org/10.1364/AO.32.000448
https://doi.org/10.1364/JOSAA.18.002767
https://doi.org/10.1103/RevModPhys.71.313
https://doi.org/10.1142/S1793545819300131
https://doi.org/10.1103/PhysRevLett.125.165901
https://doi.org/10.1103/PhysRevB.92.214206
https://doi.org/10.1103/PhysRevB.93.100201
https://doi.org/10.1103/PhysRevB.96.054209
https://doi.org/10.1103/PhysRevLett.112.023904
https://doi.org/10.1063/1.4973459
https://doi.org/10.1088/1367-2630/16/6/063065
https://doi.org/10.1038/s43588-022-00370-6
https://doi.org/10.1103/PhysRevLett.111.063901
https://doi.org/10.1038/nphys4036
https://doi.org/10.1038/s41566-024-01446-7
https://doi.org/10.1103/PhysRevE.74.056609
https://doi.org/10.1103/PhysRevB.89.224202
https://doi.org/10.1364/OL.468697
https://doi.org/10.1364/OL.37.004663

JARA, GOETSCHY, CAO, and YAMILOV

PHYS. REV. APPLIED 24, 054027 (2025)

[71] H. B. de Aguiar, S. Gigan, and S. Brasselet, Polarization
recovery through scattering media, Sci. Adv. 3, €1600743
(2017).

[72] H.-C. Lin and C. W. Hsu, Full transmission of vectorial
waves through 3D multiple-scattering media, Opt. Lett. 49,
5035 (2024).

[73] The Mill HPC Cluster, Missouri University of Science
and Technology (2024), https://scholarsmine.mst.edu/the-
mill/1/.

[74] P. Fang, L. Zhao, and C. Tian, Concentration-of-measure
theory for structures and fluctuations of waves, Phys. Rev.
Lett. 121, 140603 (2018).

054027-28


https://doi.org/10.1126/sciadv.1600743
https://doi.org/10.1364/OL.532642
https://scholarsmine.mst.edu/the-mill/1/
https://doi.org/10.1103/PhysRevLett.121.140603

	I. INTRODUCTION
	II. OPTICAL SENSITIVITY: ANALYTICAL RESULTS FOR SCALAR WAVES
	A. Microscopic approach to optical sensitivity
	B. Phase conjugation and optical sensitivity
	C. Diffusion approximation for optical sensitivity
	D. Microscopic sensitivity in the diffusive limit
	E. From extensive to intensive optical sensitivity

	III. NUMERICAL ANALYSIS: SCALAR WAVES
	A. Numerical model
	B. Random input excitation
	C. Shaped-wavefront excitation
	D. Relationship between sensitivity enhancement and remission enhancement

	IV. OPTICAL SENSITIVITY: VECTOR WAVES
	A. Mapping onto the scalar sensitivity model
	B. Numerical analysis

	V. CONCLUSION
	ACKNOWLEDGMENTS
	A. APPENDIX A: PERTURBATIVE APPROACH TO DIFFUSE INTENSITY
	B. APPENDIX B: PROOF OF THE GREEN'S FUNCTION IDENTITY EQ. [d31](31) WITHIN THE DIFFUSIVE APPROXIMATION
	C. APPENDIX C: ASYMMETRIC CASES FOR RANDOM AND COHERENT INPUT SENSITIVITIES
	D. APPENDIX D: DIFFUSION APPROXIMATION FOR SENSITIVITY IN THE REMISSION GEOMETRY: ANALYTICAL RESULT
	E. APPENDIX E: COMPARISON BETWEEN THE RANDOM INPUT AND MAXIMUM REMISSION EIGENCHANNEL PROFILES
	F. APPENDIX F: EFFECT OF FLUCTUATIONS ON SENSITIVITY
	G. APPENDIX G: FILTERED RANDOM MATRIX THEORY FOR PREDICTING COHERENT REMISSION ENHANCEMENT
	H. APPENDIX H: EFFECTIVE MARCHENKO-PASTUR MODEL
	. References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


