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Effects of localization and amplification on intensity distribution of light transmitted through
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Alexey Yamilov®

and Hui Cao

Department of Physics and Astronomy, Northwestern University, Evanston, lllinois 60208, USA
(Received 20 May 2004; published 23 September 2004

We numerically study the statistical distribution

of intensity of light transmitted through quasi-one-

dimensional random media by varying the dimensionless conductpaied the amount of absorption or gain.
A markedly non-Rayleigh distribution is found to be well fitted by the analytical formula of Nieuwenhatzen
al. [Phys. Reuv. Lett.74, 2674(1995] with a single parametag’. We show that in the passive random system
g’ is uniquely related ta@, while in amplifying or absorbing random medig also depends on the gain or

absorption coefficient.
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Light transport in a quasi-one-dimensional system is deeover, based on the statistics of the transmitted intensity, the

scribed by three directly measurable quantitidg;, the
transmission coefficient from an incoming chanaeio an
outgoing channeb; T,=2,T,, the total transmission coeffi-
cient from channed to all outgoing channel§==, T, the
transmittance{1,2]. A wave transmitted through a random
medium is a coherent sum of a large number of contribution
due to different propagation paths. In the diffusive regime
(@ =g>1, the contributiond,, are largely uncorrelated. A
Gaussian distribution of the field components leads to th
renowned Rayleigh distributioR(s,,) =exp(—s,,) of the nor-
malized intensity[3], S.p=Tapn/{Tap), With a simple relation
between the moments of the distributios),)=n!(s,,".
This factorization cannot be exaf#], since it implies the
complete absence of nonlocal correlatigiid Koganet al.

[8] related the distribution of the normalized total transmis-

sions,=T,/(T,) to that ofs,

“d
P(sap) = jo fp(sa)exp{—

The Gaussian distribution ¢¥(s,) for g>1 leads to a devia-
tion from a Rayleigh distribution at large intensigy,>g.

Sab

2]

()

localization criterion

3

equals unity was surmisdd1]. Such a definition ofy’ can

e used, irrespective of whether E&) holds. However, if
Eq. (2) is applicableg’ obtained from Eq(3) should match
the one obtained from the fit of the entire distributionsgf

g’ = 3var(s,) = 3[var(s,) — 1]

%vith Egs.(1) and(2) [10]. One question to be addressed in
h

is paper is whether Egél) and(2) still hold in the regime
of incipient photon localizatiorg~ 1, and, if so, how the
intensity distribution fitting parametey’ is related to the
system properties.

We will also investigate the effects of optical amplifica-
tion and absorption on the transmitted intensity distribution.
The effect of the amplification on purely one-dimensional
(1D) transport has been studied by a number of grqags
In a quasi-1D system, the probability of reflectance by a
random amplifying medium was also obtained by Beenakker
et al. [15]. Zyuzin showed that the fluctuation a@f, grows
faster than its average value in an amplifying random me-
dium near the lasing threshofd6]. However, it is not clear
whether the statistical distribution of the transmission coef-

The deviation has the same origin as the universal condudicient of an active system differs qualitatively from that of a
tance fluctuations and nonlocal intensity correlations inPassive system. Brouwer demonstrated that (Eyjis inap-

transpor1,2]. The distribution of the intensity was obtained
in a closed form in Refg9,10Q]:

joo

W exfxa- @ 0], (@)

P(s) = 2

_ix

where®,(g’,x)=g’ In2(V1+x/g’ +x/g’). Equation(2) was
derived under the assumption g& 1; thusg’ =g. The ex-
pressions foP(s,) and P(s,,) have been verified in experi-
ments [5,11-13. Unexpectedly, the experiments demon-
strated that Eqc2) worked well even for moderate values of

g~ 10, and in the presence of significant absorption. More'diverge if gain saturation were neglected
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plicable in the limit of strong absorptidi7,18, whereas we
are interested in weakly absorbing systems withr>L,
whereD is the diffusion coefficient, ane is the absorption
time.

In this paper, we numerically calculate the statistical dis-
tribution of transmitted intensityP(s,,) in a quasi-1D sys-
tem. In particular, we check whethBfs,,) still satisfies Egs.
(1) and (2). In a real experiment or a numerical study, the
local intensity distributionP(s,,) is obtained by collecting
the data of transmitted intensity from many random configu-
rations. Among them, there exist rare configurations that
could lase in the presence of gain. The light intensity would
In the diffusive
regimeg> 1, this problem is limited only to the immediate
vicinity of the diffusive lasing thresholdl16]. For the sys-
tems we consideredy< 10, strong fluctuation of the lasing
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FIG. 1. Numerically calculate®(s,p,) for four samples. Dashed

: . : FIG. 2. Symbols depict I versus 1§, for samples 1, 3-5. In
lines represent the fit with Eqél) and(2). The inset show®(s,) . _ o

calculated from Eqgs(1) and (2) with the kerneldy(g’,x) (solid lthe z_ero,th orde_rhof ]?.0’ 9 (%))_go (dotted ling. Ehz ?aSh_?Ottedh
line), or dy(g’,x) (dashed ling g'=3. ine is g’(gg) with a first-order correction. Dashed line plots the

exact solutiong(gg) from Ref. [22]. The inset shows the linear

. - . dependence o6 on gy. The solid line has a slope of 1.
threshold results in a non-negligible percentage of realiza- P % P

tions whose lasing threshold is met even at moderate gaithe sameg’=2.9. This means that the distribution of local
(i.e., not very close to the diffusive lasing thresholdl- intensity is determined by a single paramegér which de-
though gain saturation could prevent the divergence of lasegpends only ons (or g; see below. Samples 3 and 4 are fitted
intensity, the actual value of the saturated intensity depend&ell with g’=1.25 andg’=0.4. This agreement confirms the
on the properties of the gain material. In order to eliminateapplicability of Egs.(1) and (2) down to g'=0.4, even
any material-dependent effect d®(s,,), we disregard the Smaller than the value reported in the microwave experi-
contributions of the lasing configurations to the intensity dis-ments of Refs[5,11,13. In what follows we give an argu-
tribution [19]. Our numerical studies show that the resultant™ent that may shed some light on this agreement
P(sy,) can be well described by Eggl) and (2) with a In Ref. [21_] Van Langernet al. found that the proper per-
reducedg’. Furbatlon serles_should bg constructed@g’ ,X), the kernel
We numerically obtairP(s,,) as the histogram of the in- N Ed.(2). The first ordexin 1/g) correction to®o(g’,x) of
tensity transmitted through a quasi-1D system: a 2D metallidRefS: [9,10 was calculated21]. In the inset of Fig. 1 we
waveguide filled with circular dielectric scatterers. We em-PlOttedP(S;) calculated within both approximations. We see
ploy the method developed earlier in Rg20] for passive  that Eq.(2) with &g starts to fail for thes,, <1 region, while
and Ref.[19] for amplifying and absorbing systems. In the asymptotic behavior fas,,= 1 is preserved. In the tran-
quasi-1D geometry the transition from diffusig>1 to lo-  Sition from diffusion to the localization threshol@~ 1),
calizationg=1 can be achieved even in the weak scattering®(San=1) should be well described by Eqd) and(2) with
regime by increasing the system lendttbeyond the local- decreasingg’, a quantitative change. But fa<1 P(sy)
ization lengthé. First, we study the intensity distribution in changes to the lognormal distribution, a qualitative change,
passive systems ag approaches 1. The random system isnot captured by the, approximation. The numerically ob-
characterized by the Thouless numl#=rsv/Av. The aver- tained intensity distribution, indeed, shows some deviation
age mode linewidthév is obtained from the width of from Egs.(1) and(2) at small values ok,, The deviation,
|Ce(Av)[? divided by a numerical factor 1.4&¢(Av) is the  however, is noticeable only whe?(s,y,) is plotted on a linear
spectral field correlation functignThe average mode spac- scale. On a logarthmic scale, the distribution has a pro-
ing is Av:c/(rrL’Nnéﬁ), wherelL’'=L+2z, is the effective nounced tail at largs,, where the correct asymptotic pre-
length of the random mediunz; accounts for the boundary Vails.
effects.N is the number of waveguide modesis the speed Next, we would like to analyze the value gf. The fol-
of light in vacuum; anchy is the effective refractive index. lowing four quantities should coincide in a diffusive system:
All these parameters can be determined independentl§’, 9. 6, and go=(m/2)neNI/L". Figure 2 shows the rela-
[19,20. For a passive diffusive systefmcoincides with the tions of these four quantities in the regime of incipient local-
dimensionless conductange We consider four samples la- ization. The numerical data include sample 5 wih7.6.
beled from 1 to 4. The lengths of the first two samples areThe inset of Fig. 2 shows that for the studied systefns
related as ,=2L,, and the scatterer density is chosen in suche=go, and thus our data faf(g,) should lie along the dotted
a way that an increase &f would be offset by a change of line of slope 1 in the main plot. The rigorous solutigfg,)
the transport parameters, mostly by the transport mean fregbtained by Mirlin in Ref.[22] is shown in Fig. 2 with the
pathl, to give the identical value af=4.4. Samples 3 and 4 dashed line. Our data for 4/ lie above the dotted and
had the same scatterer densities as sample 1. las in-  dashed lines, revealing the tendencygbto decrease below
creased, yieldingg=2.2 andé=1.13, respectively. Figure 1 gy, 6 andg in the regimegy~ 1. The first orderin 1/g)
shows that samples 1 and 2 are fitted by Efjsand(2) with correction tog’(gg) =gy can be obtained from the variance
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FIG. 3. Numerically calculatedP(s,,) for sample 3 with and FIG. 4. The numerical data for g/ versus 15 for samples 1

without gain/absorption. The arrows show the direction of increassquarey 3 (triangles, and 5(circles. Solid (oper symbols repre-
ing gain/absorption. Dashed lines represent the fit with Bgand - gent the systems with gajabsorption. The pentagons correspond
(2) with g" equal to 1.5(absorption, 1.25 (passivg, and 0.65 {4 the passive system. The dotted, dashed, and dash-dotted lines are
(gain. the same as in Fig. 2. Solid lines represgtts). The inset shows
the explicit dependence af’ on the amplification or absorption
of the intensity distribution, vasab)z1+4/330+8/15gg time 7 normalized tor,. Dashed(solid) line plots Eq.(4) with
upto the second order of @4 [2]. The approximation of positive(negative 7.
g'(gy) obtained by substitution of the above expression into
Eq. (3) is plotted in Fig. 2 with the dash-dotted line. The factwith 1/6 in Fig. 4 demonstrates thaj’ decreases signifi-
that the data points of B/ are above the dash-dotted line cantly faster thand with increasing gain. This indicates that
indicates that the higher-order terms are not negligible anihtensity fluctuations are more sensitive to amplification than
their contributions lead to a further reduction gt the average mode linewidtbw. The long propagation paths
Next, we study the effect of coherent amplification on theextract more gain, leading to an enhancement of nonlocal
intensity distribution. Figure 3 compares the local intensitycorrelations[19]. The enhanced correlation results in a fur-
distributions found in sample 3 with and without gain or ther deviation from Rayleigh statistics. The absorption, on
absorption. The value of the absorption time is the same a$e other hand, causes a reduction of fluctuations. The sub-
that of the amplification time. The latter was equal 40 linear decrease of 3/ with 1/5 in Fig. 4 reveals that’
=57, where 7 is the critical amplification time corre- increases more slowly thafwith increasing absorption. The
sponding to the diffusive lasing threshd3]. Even at such dependence af’ on the absorption time can be determined
a low level of gain, some of the random realizations lasedperturbatively from the known result for \ag,) in an ab-
due to strong fluctuation of the lasing threshold. The numerisorbing system ofj,> 1:
cal results presented in Fig. 3 contain only the contributions
from nonlasing realizations. A g
First of all, we would like to point out that Eq¢l) and _ LA _°
(2) give a good fit to the numerically obtaind®(s,,) with 39'(Go?) varsy) - 1= 390A2(T) * 159§A3(T)' @
gain or absorption. In Ref§5,13] it was also found that Egs.
(1) and (2) describe well the intensity distribution even for
absorbing systems. Here, we present a systematic study where Ax(7) and Ag(7) are given in Refs[18,24. The ex-
the effect of absorption oR(S,;) and also consider the effect pressions foA; were derived for absorbing systems, where
of amplification. Figure 3 shows that the presence of gairiS positive. In the negative absorption modelbecomes
leads to an increase ofP(S,) in the regions S,, Nnegative for systems with gain. In R¢L9] the applicability
<1 and S,;>1 and, therefore, an enhancement of intensityof the negativer expressions was discussed. Obviously, the
fluctuations. The effect of absorption is exactly the oppositecontribution of the lasing realizations should be omitted to
From this qualitative analysis and E), we see that am- avoid divergence of vés,;). For samples 1 and 5, which
plification reduces the value gf, while absorption increases have largemg,, we compared our data to E@) in the inset
it. of Fig. 4. Also, &(gy,7) can be found from the width of
Figure 4 shows the effect of amplification or absorption|Ce(A»)[? [19]. By eliminating = from g’(g, 7) and &(go, 7)
on g’ for samples 1, 3, and 5. We can still defigefor  we obtainedg’(5), shown as the solid lines in Fig. 4. The
amplifying or absorbing systems through the correlationdeviations of our data points from the solid line increase with
functions[19]. In contrast tayy, 6§ depends on the amount of decrease of,, because the contributions of the higher-order
gain or absorption. The change &fs directly related to the terms in 1§, cannot be neglected.
change of the correlation linewidi#v, while Av remains the In Ref. [11] g’ was proposed as a localization criterion
same as in a passive system. The superlinear increasg’of 1/parameter. Table | shows that in passive systems the criteria
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TABLE I. Comparison of localization threshold criteria in a pas- Therefore,g’ is more sensitive to amplification but less sen-

sive system. sitive to absorption tha@.
In conclusion, we numerically calculated the statistical
g’ % o g distribution of the intensity of light transmitted through a
10 20 20 13 quasitlD random medium. In a passive syst(sy,) is well
0.3 10 10 0.43 described by Eqg1) and(2) down tog’ =0.4, far beyond the

g’'>1 regime where it was originally derived. Surprisingly,
0.7 16 16 1.0 Egs.(1) and(2) also hold for amplifying and absorbing sys-
tems withg’ different from the value of the passive system.
_ L . Our data show thay’ decreases superlinearly with increas-
based ong'=1, go=1, g=1, and5=1 differ by only a nu- 4 gain constant, but increases sublinearly with absorption
merical factor of order 1. In the presence of gain or absorpgonstant.

tion the situation is essentially different. By definitiog, The results we obtained for passive random media are
contains only information about the passive system, whereagsq applicable to the mesoscopic transport of other scalar
g' andd account for the effect of amplification or absorption. \yayes, such as noninteracting electron wave functions and
In this case the difference betwegh 6, andg is not merely  5c0stic waves, which is governed by essentially the same
numerical. Amplification(absorption results in a decrease \y5ye equation. Yet the phenomenon of coherent amplifica-

(increasg of g" and 5, but an increasedecreaspof g. With oy does not have its counterpart in any fermionic system,
the increase of absorptionj increases without a bound, e.g., the electronic system.

while g'(7— 0) approachesdl(r— «)/3 in the limit g>1.

In sharp contrast, we see that in amplifying systeghgli- The authors acknowledge stimulating discussions with A.
minishes superlinearly with ¢/ r (inset of Fig. 4, while §  Z. Genack and A. Chabanov. This work was supported by the
decreases almost linearly witf"/ r as reported in Ref19].  National Science Foundation under Grant No. DMR-

Our numerical results in the inset of Fig. 4 also suggests th€0093949. H.C. acknowledges support from the David and
g’ falls below unity prior toé in an amplifying system. Lucille Packard Foundation.
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